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2 S
attering in Polymeri
 and Colloidal Systems1 Introdu
tionSemi
exible polymers are ma
romole
ules with a sti�ness intermediate be-tween the two extreme 
ases of random 
oils and rigid rods. The sti�ness is
onveniently 
hara
terized by the persisten
e length `p, whi
h is de�ned asthe ar
 length or `
hemi
al distan
e', over whi
h the tangential 
orrelationsof the 
ontour de
ay to 1=e. Only if this length is mu
h smaller than thetotal 
ontour length L and the typi
al length s
ale of observation �, 
anthe polymer be regarded as a 
exible 
hain (of Kuhn length 2`p) and 
anbe des
ribed by the standard models for 
exible polymers [21℄. For manynaturally o

uring polymers `p is not very small with respe
t to L or � orboth of them, so that the 
exible 
hain models are not appropriate. Onthe other hand, mole
ular self-intera
tions, whi
h 
ompli
ate substantiallythe mathemati
al modeling for mole
ules with a total 
ontour length morethan hundred times larger than `p, 
an safely be negle
ted. Espe
ially somethread-like biomole
ules su
h as a
tin �laments, intermediate �laments, mi-
rotubuli, DNA, 
ollagen et
., whi
h play an important role in 
ell biology[78, 44, 50℄, are good examples of what physi
ists have in mind when theythink of semi
exible polymers. Some of these mole
ules have persisten
elengths that are by several orders of magnitude larger than their lateral di-ameter and are 
omparable to or even longer than their 
ontour length. Inmany 
ases their huge dimensions (L 
an be of the order of several mi
rome-ters) render their internal dynami
s a

essible to light s
attering te
hniquesand even to light mi
ros
opy. (To give the reader an impression of a typi
alexperimental system, we have reprodu
ed in Fig. 1 an ele
tron mi
rograph ofa semidilute a
tin solution from Ref. [33℄.) Certain 
ylindri
al assemblies ofamphiphili
 mole
ules, so 
alled wormlike mi
elles, 
an also be regarded assemi
exible 
hains. And there is, of 
ourse, a variety of syntheti
 polymersto whi
h the notion of semi
exibility applies. We will argue below that thefailure of the 
ommon 
exible 
hain models for semi
exible ma
romole
ulesbe
omes espe
ially apparent in their dynami
al properties. This is a 
onse-quen
e of the hydrodynami
 intera
tion, whi
h obeys a re
ipro
al distan
elaw, giving strong weight to the small s
ale stru
ture.Histori
ally, mu
h work has been devoted to the analysis of what we 
allGaussian models. These are rather dire
t extensions of the well known Gaus-sian 
hain model for a 
exible polymer. One of the �rst dynami
 theories ofthat kind was that by Harris and Hearst [39℄. It was 
riti
ized for its intrinsi
in
onsisten
ies by many authors [86, 5, 97℄. In fa
t, even the latest des
en-
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Figure 1: Ele
tron mi
rograph of a 0:4mg=ml a
tin solution polymerized in vitro[33℄. The bar indi
ates the length of 1 �m.dants of this theory predi
t a Gaussian distribution fun
tion 
entered at zero[97℄ for the spatial distan
es of 
ontour elements separated by a 
hemi
al dis-tan
e s. This be
omes invalid (even qualitatively) for ar
 lengths s shorterthan the persisten
e length, as the reader may 
onvin
e him/herself by 
om-paring this fun
tion to the Æ�fun
tion lo
ated at s whi
h it should approa
hin the limit s=`p ! 0 [96℄. In view of this severe fundamental short
omingof the Gaussian models, we suggest that starting from the Gaussian 
hainfor modeling semi
exible polymers means to `put the 
art before the horse',and that a sti� rod might be a more natural starting point. Indeed, it is theopinion of the authors (supported by experimental eviden
e) that the modelof a weakly bending rod not only 
aptures the essential properties of semi-
exible polymers, but 
an also serve as a useful quantitative des
ription in anumber of pra
ti
al appli
ations. More spe
i�
ally, for most of the followingwe restri
t the dis
ussion to the ideal 
ase that the s
attering wavelength �is shorter than both the persisten
e length and the 
ontour length of thepolymers. In this 
ase the theoreti
al results are simple analyti
 expressionsand thus readily applied. Moreover, the number of phenomenologi
al param-eters 
an be kept small, whi
h also fa
ilitates quantitative 
omparison withexperiment (e.g. to determine the lateral diameter or the bending sti�nessof the polymer by dynami
 light s
attering).We start this 
ontribution with a pedagogi
al review of our 
urrent un-



4 S
attering in Polymeri
 and Colloidal Systemsderstanding of the wormlike 
hain model, whi
h is the `minimal model' ofa semi
exible polymer. This model has been very su

essful in des
ribingvarious aspe
ts of single semi
exible polymers su
h as their extension underapplied external for
es [85℄. The importan
e of the lo
al rigid 
onstraint of
onstant 
ontour length is emphasized, and the fundamental di�eren
es tothe well known Gaussian 
hain are dis
ussed. After a brief review of somework 
on
erned with the 
al
ulation of the stati
 stru
ture fa
tor we give adetailed derivation of the intermediate s
attering fun
tion for a weakly bend-ing wormlike 
hain in solution. Two di�erent s
aling regimes are dis
erniblefor whi
h simple asymptoti
 expressions are found. For short times the mo-tion is dominated by the hydrodynami
s of the solvent and the stru
turefa
tor is expressed as a simple exponential. For long times the 
onforma-tional relaxation due to the wormlike 
hain Hamiltonian leads to a stret
hedexponential tail. Whi
h of the two regimes dominates the de
ay of the s
at-tering fun
tion depends on the produ
t q`p of the s
attering wave ve
tor 1q � 2�=� and the persisten
e length `p. In 
ontrast to the Rouse and Zimmmodels, where the stret
hed exponential regime is not rea
hed before several
hara
teristi
 de
ay times (where the dynami
 stru
ture fa
tor has pra
ti-
ally de
ayed to zero) [2, 35, 42℄, the stret
hed exponential tail dominatesfor semi
exible 
hains with q`p � 1. This is a 
onsequen
e of the existen
eof two 
hara
teristi
 time s
ales rather than one, whi
h in turn is due to theexisten
e of the additional length s
ale `p. Sin
e the initial de
ay rate is not auniversal number as in the Zimm model, but depends on the diameter of the
hain ba
kbone, also the initial de
ay regime itself 
ontains some valuableinformation about the polymer. This result 
an be regarded as an extensionof the parti
le sizing method to the 
ase of polymers with L� �. To put itas a pointed provo
ation: while the dynami
 stru
ture fa
tor 
al
ulated fromthe standard 
exible polymer models is essentially a Lorentzian of universalwidth, the semi
exible 
ase is substantially ri
her.In semidilute solutions the 
u
tuations of a test polymer are restri
ted bythe surrounding polymers, whi
h a
t as a tube-like 
age that slows down thede
ay of 
orrelations for long times. We dis
uss extensions of the theory for asingle semi
exible polymer to in
lude the main e�e
ts from intera
tions withthe surrounding medium, whi
h by itself is subje
t to thermal 
u
tuations.1For a light s
attering experiment q � 4�n=�0 � sin(�=2), with n, �0 and � denotingthe index of refra
tion of the medium, the va
uum wavelength of the light sour
e, and thes
attering angle, respe
tively.
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attering from Semi
exible Polymers 5We also add some general remarks on polydispersity, 
lusters and aggregationand mention appli
ations of the theory to experimental data.2 Wormlike 
hain modelThe statisti
al me
hani
s of a semi
exible polymer is already by itself a veryinteresting and nontrivial problem with quite a number of re
ent develop-ments 50 years after it was �rst formulated by Kratky and Porod [54℄. Sin
ewe are mainly interested in the dynami
s we will be brief in our dis
ussionof the stati
 properties restri
ting ourselves to those features whi
h are mostimportant for dynami
s. For a more detailed analysis we refer the reader tosome re
ent review arti
les [25, 24℄.The theoreti
al minimal model of a semi
exible polymer is the 
ontinuousversion2 of the Kratky-Porod 
hain also known as wormlike 
hain model[79℄, where the polymer is represented by a di�erentiable spa
e 
urve r(s) of
ontour length L.PSfrag repla
ements r(s)t(s)s0 L
Figure 2: Sket
h of the wormlike 
hain as a di�erentiable spa
e 
urve r(s) of
ontour length L parameterized by ar
 length s. Also indi
ated is the tangentve
tor t(s).Its statisti
al properties are determined by a free energy fun
tional (the\Hamiltonian") H = �2 Z L0 ds��2r(s)�s2 �2 (1)whi
h measures the total elasti
 energy of a parti
ular 
onformation by theintegral over the square of the lo
al 
urvature weighted by the bending mod-ulus � of the 
hain. To ensure that the se
ond derivative in the integrandis really the 
urvature of the 
hain, we have to enfor
e the parameter s tobe ar
 length. For a virtually inextensible ba
kbone we thus have to impose2The dis
rete version is equivalent to a one dimensional 
lassi
al Heisenberg 
hain[23, 92℄.



6 S
attering in Polymeri
 and Colloidal Systemsthe lo
al rigid 
onstraint jt(s)j = 1 on the tangent ve
tor t(s) = �r=�s. Wewill see that this 
onstraint is indeed essential for a 
orre
t des
ription ofthe stati
 as well as the dynami
 properties of semi
exible polymers. Onthe other hand, it presents a 
onsiderable mathemati
al diÆ
ulty for the
al
ulation of statisti
al properties of the model.Due to these mathemati
al 
ompli
ations, whi
h are the same as for a
lassi
al Heisenberg 
hain, only few of the statisti
al properties of the worm-like 
hain 
an be extra
ted analyti
ally, the best known being� the exponential de
ay of the tangent-tangent 
orrelation fun
tionht(s)t(s0)i = exp (�js� s0j=`p) ; (2)with the persisten
e length `p = �=kBT (in three dimensional embed-ding spa
e),� the mean-square end-to-end distan
e [54℄R2 := h[r(L)� r(0)℄2i = L2fD(L=`p) ; (3)� and the radius of gyration [8℄R2g := 12L2 Z L0 ds Z L0 ds0 h[r(s)� r(s0)℄2i= `2p (fD(L=`p)� 1 + L=3`p) : (4)For notational 
onvenien
e we have introdu
ed the fun
tionfD(x) = 2(e�x � 1 + x)=x2 : (5)For extreme ratios of L=`p Eq. (2) { (4) redu
e to the appropriate limits ofa 
exible 
hain with a statisti
al segment length (or Kuhn length) 2`p and arigid rod, respe
tively,3R2 = (L2 (L� `p)2`pL (L� `p) ; R2g = (L2=12 (L� `p)2`pL=6 (L� `p) : (6)3As a side remark we note that the reasonable behavior of the se
ond moments by itselfis not at all a suÆ
ient 
ondition for a model to be regarded as a satisfying des
ription ofa semi
exible polymer (
f. Se
tion 4).
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 S
attering from Semi
exible Polymers 7The 
al
ulation of higher moments be
omes in
reasingly troublesome [40℄.For later use, we also want to mention a property of the wormlike 
hainmodel that immediately 
an be read o� from the Hamiltonian by dimensionalanalysis. For a sti� wormlike 
hain (`p � L) the length 
u
tuations ofthe end-to-end distan
e are only of se
ond order in the amplitudes of thetransverse 
u
tuations. In the Monge representation the 
u
tuations of theend-to-end ve
tor of the 
hain 
an therefore be des
ribed in purely transverse
oordinates R?, and the rigid 
onstraint is ful�lled automati
ally. It is theneasy to see that the amplitude R? of transverse undulations of the end-to-endve
tor R � r(L)� r(0) s
ales asR2? / L3=`p (7)with the 
ontour length L. Sin
e this property does not depend on L beingthe total 
ontour length but holds for arbitrary subse
tions of the 
ontour,this implies that the 
ontour of a weakly bending wormlike 
hain is self-aÆne, R? / L� with a roughness exponent � = 3=2. It is this self-aÆneproperty whi
h gives rise to stati
 and dynami
 s
aling results for semi
exiblepolymers. In this respe
t it plays a role 
omparable to the fra
tal stru
tureof the Gaussian 
hain for 
exible polymers.The fun
tion whi
h 
ontains the most 
omprehensive information aboutthe statisti
al properties of the 
hain is the probability distribution of theend-to-end ve
tor G(r;L) = hÆ(r�R)i : (8)For a freely jointed phantom 
hain (a 
hain of freely hinged segments withoutself-intera
tion) this fun
tion is known exa
tly [98℄. As for any model withshort-ranged intera
tions it 
onverges qui
kly to a Gaussian distributionG0(r;L) = � 34�`pL�3=2 exp�� 3r24`pL� (9)for in
reasing number of segments. This is a 
onsequen
e of the 
entrallimit theorem. For 
hains that are at least some 10 `p long the Gaussian
an serve as an ex
ellent approximation to G(r;L) for many purposes. Forthe freely jointed 
hain and also for the so 
alled freely rotating 
hain4, thepersisten
e length `p is independent of temperature be
ause its mi
ros
opi
4In the freely rotating 
hain adja
ent segments 
an rotate freely on a 
one of �xedangle.
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Figure 3: Numeri
al results for the end-to-end distribution fun
tion of a (dis
rete)wormlike 
hain in d = 3 dimensional spa
e after Referen
e [96℄ without phasespa
e measure 4�r2 (kindly provided by J. Wilhelm). Note that with in
reasingsti�ness of the polymer there is a pronoun
ed 
rossover from a Gaussian to a
ompletely non-Gaussian form with the weight of the distribution shifting towardsfull stret
hing. The dashed line indi
ates the �rst Daniels approximation obtainedby a perturbative approa
h around the Gaussian 
hain limit [16℄.origin lies in steri
 
onstraints rather than in the bending sti�ness of theba
kbone as suggested by the wormlike 
hain Hamiltonian Eq. (1). Thisdi�eren
e is sometimes emphasized by introdu
ing the Kuhn length b = 2`pas a material parameter in pla
e of the bending modulus �. The well knownminimal model of a 
exible polymer, the (
ontinuous) Gaussian 
hain, isobtained by demanding Eq. (9) to hold down to arbitrarily short lengths
ales5. Corre
tions to Eq. (9) to a

ount for a �nite (but small) persisten
elength of a semi
exible 
hain have been worked out by Daniels [16℄ (seeFig. 3).For a Gaussian 
hain, the separation by a given distan
e r of any twosegments with preferred mean-square distan
e 2`ps is punished by the freeenergy 
ost F (r) = �kBT lnG0(r; s) = 
onst: + 3kBT r2=4`ps and thereforerequires a for
e f = �F�r = 3kBT2`ps r : (10)5This inno
ent looking pres
ription is a
tually a renormalization that de�nes a fra
talobje
t. The physi
al 
ontour parameter s is de�ned with respe
t to the referen
e length `p.But only the produ
t `ps of both lengths retains its physi
al meaning upon renormalization(i.e. in the limit `p ! 0).
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exible Polymers 9If `p is a temperature independent material parameter the restoring for
e isproportional to kBT , whi
h reveals the purely entropi
 nature of the 
onfor-mational statisti
s of a freely jointed (or freely rotating) 
hain. The linearfor
e extension relation 
an a
tually be evaluated exa
tly for a wormlike 
hainof arbitrary sti�ness [55℄. The result reprodu
es Eq. (10) in the 
exible limit,but exhibits a strong dependen
e on the angle between the applied for
e andthe average mole
ule axis in the rod limit. Transverse for
es lead to ordinaryme
hani
al bending, while the longitudinal spring 
oeÆ
ient diverges in theme
hani
al limit T ! 0 as 1=T for temperature independent �. This vanish-ing of linear response is a remainder of the Euler bu
kling instability of rodme
hani
s. The latter also governs the end-to-end distribution of a wormlike
hain in the weakly bending rod limit.The 
hara
teristi
 feature of the physi
s of beam bu
kling is that theenergy E
l of a straight rod of length L and bending modulus � is an almostlinear fun
tion of its end-to-end distan
e R,E
l � f
 � (L�R) : (11)Here f
 = ��2=L2 is the 
riti
al for
e for the onset of the Euler instability.Negle
ting 
u
tuations around the 
lassi
al 
ontour this would lead to anend-to-end distribution fun
tion with maximum weight at R = L,G(r;L) / exp[�f
 � (L� r)=kBT ℄ : (12)Note that with su
h an approa
h we 
ompletely ignore entropi
 e�e
ts whi
hare the only 
ontributions in 
ase of the freely jointed 
hain, dis
ussed above.In order to 
orre
t for this omission we have to multiply the Boltzmannweight in Eq. (12) by the relative number of allowed 
onformations. Thisbe
omes most obvious for a 
ompletely stret
hed 
hain, where up to globalrotations only one possible 
on�guration exists and 
onsequently the end-to-end distribution fun
tion has to vanish.Within a quantitative analysis of the wormlike 
hain Hamiltonian inEq. (1) one 
an show that the end-to-end distribution fun
tion near therod limit is given to a good approximation by [96℄G(r;L) � `pNL2F�`pL (1� r=L)�; (13)with F (x) = 8<:�2 exp[��2x℄ for x > 0:21=x� 28�3=2x3=2 exp �� 14x� for x � 0:2
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 and Colloidal Systemsand N a normalization fa
tor 
lose to 1. This result is valid for L <� 2`p,x <� 0:5. The �rst expression for F (x) is indeed equal to Eq. (12), while these
ond expression for stret
hed 
onformations is dominated by the entropi

ontributions, whi
h guarantee the vanishing of G(r;L) at full extension. As
an be seen in Fig. 3, the maximum weight of the distribution shifts towardsfull stret
hing as the sti�ness of the 
hain is in
reased to �nally approa
h asharp peak at R = L for the rigid rod.3 Stati
 stru
ture fa
torStati
 light s
attering has been used in the past as a very 
onvenient ex-perimental tool to determine mole
ular parameters su
h as radii of gyration,mole
ular weights, and virial 
oeÆ
ients [30℄. Persisten
e lengths have beendetermined for gelatin [73℄, polysa

harides, mesogeni
 polymers [12℄ andpolystyrene [14℄, just to mention some examples. Interpolating formulas forthe stati
 stru
ture fa
tor [54, 53, 51℄ have been used extensively to ex-tra
t model parameters from experimental data (see e.g. [41℄ and referen
estherein). Numeri
al work by Yamakawa and 
oworkers [99, 100℄ and MonteCarlo data [72℄ are sometimes 
onsidered as a more pre
ise referen
e.The stati
 stru
ture fa
tor or s
attering fun
tion of a single 
hain is de-�ned as the average sum of 
oherent s
attering from any two points rn andrm along the 
hain S(q) = 1N NXn;mhexp [iq � (rn � rm)℄i : (14)The wave ve
tor dependen
e of the stru
ture fa
tor re
e
ts the 
onforma-tional statisti
s of the 
hain and (in the 
ontinuum limit) is related to theend-to-end ve
tor distribution fun
tion G(r; s) throughS(q) = Z L0 ds (L� s)Z d3r eiq�rG(r; s) : (15)Several limiting 
ases 
an be treated exa
tly. First, in the limit of small qRg(Guinier range), when the s
attering wavelength � is large 
ompared to theextension of the s
attering obje
t, one 
an expand Eq. (14)S(q) = 1N NXn;mh1� q2(rn � rm)2=6 + : : : i= N(1� q2R2g=3 + : : : ) : (16)
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 S
attering from Semi
exible Polymers 11The radius of gyration R2g = (1=2N2)PNn;mh(rn�rm)2i introdu
ed in Eq. (4)naturally appears as the �rst moment in this series expansion and 
an thusdire
tly be determined from the small q region of the stru
ture fa
tor. Theexpansion 
an be (and has been) pushed to higher orders if higher moments(rn� rm)n 
an be 
al
ulated for a parti
ular model. As we noted above, thisbe
omes laborious for the wormlike 
hain model.For the spe
ial 
ase of rather long 
hains (L >� 20`p) but still negligibleself-intera
tion of the polymer, Sharp and Bloom�eld [84℄ have 
al
ulated aformula for the s
attering fun
tion S(q) of a wormlike 
hain valid up to q`p �1 based on the �rst Daniels approximation [16℄ to the radial distributionfun
tion mentioned above. In the zeroth order approximation it redu
es tothe s
attering fun
tion of a Gaussian 
hain 
al
ulated by Debye, whi
h isgiven by the fun
tion fD(x) introdu
ed in Eq. (5). The full expression isS(x) = fD(x) + 2`p15L �4 + 7x � �11 + 7x� e�x� ; (17)where x = q2L`p=3.Exa
t expressions for S(q) are also known in the in�nite length limitqL!1 and in the rigid rod limit L=`p ! 0. In the latter 
ase the s
atteringfun
tion approa
hes that of a rod [67℄,S(q) = 2N(qL)2 [
os(qL)�1+qL Si(qL)℄ qL�1���! �qa� 2q2aL (rigid rod) : (18)Here, Si(y) denotes the sine-integral R y0 dx sinxx . On the other hand, desCloizeaux [19℄ has worked out the stati
 stru
ture fa
tor for an in�nitelylong wormlike 
hain. For large s
attering ve
tors, the leading 
orre
tion tothe rod asymptoti
s �=qa is +2=3q2a`p. Later, the asymptoti
 behavior ofS(q) for sti� wormlike 
hains was obtained in a series expansion up to �fthorder in L=`p [70℄, whi
h redu
es for large q to a 
ombination of these results,S(q) qL�1���! �qa � 2q2aL + 23q2a`p (weakly bending rod) ; (19)in a

ord with an earlier asymptoti
 analysis [53℄.Finally, if a large intermediate regime `p � �� Rg is present, the inter-mediate behavior of the stati
 stru
ture fa
tor 
an be estimated by a s
alingargument. Generalizing the result for the Gaussian 
hain and Eq. (16), the
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 and Colloidal Systemss
aling form S(qRg) =: Ns(qRg) with s(0) = 1 is assumed. The dependen
eon the s
aling variable qRg is determined by the 
ondition that the s
atteringfun
tion be
omes a power law in q independent of 
hain length N for largeq, S(q) / N(qRg)�1=� / q�1=� (with Rg / N�) : (20)The argument amounts to idealizing the polymer as a self similar obje
t offra
tal dimension 1=� on intermediate s
ales, whi
h (though not exa
t) hasbe
ome a 
ommonly adopted view for many appli
ations [17℄. Of 
ourse,any ideal self similar obje
ts su
h as the in�nite rigid rod (� = 1) or thein�nite Gaussian 
hain (� = 1=2) obey Eq. (20) exa
tly. In general � is a
ompli
ated fun
tion of the mole
ular intera
tion of the polymer with itselfand the solvent.The la
k of a simple general formula for the stru
ture fa
tor of a polymerof arbitrary length and sti�ness has also stimulated many authors to lookfor a 
onvenient interpolation [54, 53, 51, 58, 59, 97, 62℄ between the exa
tlyknown 
ases of the rigid rod and the Gaussian 
hain. These interpolationsare obtained by more or less 
onvin
ing ad ho
 approximation s
hemes. Inthe next se
tion we brie
y 
omment on a parti
ular s
heme that has alsobeen applied to dynami
s.4 Criti
al 
omment on Gaussian modelsOne of the �rst attempts to �nd an interpolation formula for the stati
 stru
-ture fa
tor of a wormlike 
hain is due to Kratky and Porod, who for the �rsttime introdu
ed this model and 
al
ulated the se
ond moment of the end-to-end ve
tor, Eq. (3). This was a prerequisite for their 
al
ulation of the stati
stru
ture fa
tor, for whi
h they proposed the pres
ription
eiqR�! e� 12 hqRi2 = e�q2R2=6 (21)as a `good approximation' { despite the manifestly non-Gaussian 
hara
terof their model at short length s
ales. This simple s
heme gives indeed areasonable �rst approximation to the stati
 stru
ture fa
tor. (A dis
ussionof the quality of di�erent interpolations for the stru
ture fa
tor is beyond thes
ope of this 
ontribution.) However, we want to dwell on a prin
iple failureof Gaussian approximations to the wormlike 
hain. This is most dramati
allyseen in the end-to-end distribution fun
tion G(r) de�ned in Eq. (8), whi
h isdire
tly related to the stru
ture fa
tor by Eq. (15). Introdu
ing the Fourier
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Figure 4: Failure of the Gaussian models (left) to reprodu
e the radial distributionfun
tion of a wormlike 
hain. Substantial improvement is attained with a simpletri
k (right), whi
h demonstrates the 
ru
ial role of 
ontour length 
u
tuations forthe statisti
al properties of the model. The fun
tions (without the fa
tor 4�r2)have been plotted for logarithmi
ally spa
ed ratios `p=L = 0:1 : : : 10. For better
omparison the length of the 
lamped wormlike 
hain has been renormalized sothat hR2ki = R2 of the free wormlike 
hain. See also the exa
t numeri
al data ofWilhelm and Frey [96℄ in Fig. 2.representation of the Æ�fun
tion into the de�nition and applying Eq. (21)we obtain, of 
ourse, a Gaussian distribution fun
tionG(r) = �3=2�R2�3=2 exp ��3r2=2R2� : (22)This is plotted for various ratios L=`p in Fig. 4 (left).
PSfrag repla
ements RRkFigure 5: A grafted wormlike 
hain and the proje
tionRk of the end-to-end ve
torR onto the dire
tion of the 
lamped end.It should be intuitively 
lear that this is a 
rude approximation to physi
alreality, be
ause it repla
es by a Gaussian 
entered at r = 0 a fun
tion thatapproa
hes a \delta-like" peak at r = L in the sti� limit `p=L ! 1. Only
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 and Colloidal Systemsre
ently it has be
ome more widely appre
iated that approximations whi
hnegle
t or soften too mu
h the rigid 
onstraint of 
onstant tangent length inthe wormlike 
hain model fail 
ompletely in des
ribing the essential featuresof semi
exible polymers. Nevertheless, some `improved' Gaussian models,whi
h reprodu
e Eq. (22) identi
ally, 
an be found in the literature [58, 59,97, 62℄. The problem persists in dynami
 
al
ulations, where the same sortof models (whi
h may be 
hara
terized as `improved Harris-Hearst models')have been analyzed extensively [36, 37, 38℄. Without really going into theproblem of an honest 
al
ulation of the radial distribution fun
tion [96℄, wewant to give the reader a hint to the problem with Gaussian models by asimple argument for improving the Gaussian radial distribution fun
tion ofEq. (22). Without additional work we nevertheless 
an expe
t to get a resultthat is mu
h more realisti
 than Eq. (22) (at least qualitatively), if we startfrom the observation that the distribution fun
tion will be peaked (if it ispeaked at all) near hRi rather than at zero. To 
ir
umvent the problem ofthe rotational isotropy of a free polymer 
hain, let us 
onsider instead of Rthe proje
tion Rk of the end-to-end ve
tor of a grafted wormlike 
hain ontothe dire
tion of the 
lamped end. Introdu
ing the Fourier representation ofthe Æ�fun
tion, we rewrite Eq. (8) asG(rk) = Z d3k(2�)3 eik(rk�hRki) Deik(hRki�Rk)E (23)and use the pres
ription Eq. (21) for deviations of the (proje
ted) end-to-enddistan
e Rk from its average 
Rk�. Evaluating the integral we obtainG(rk) = N r�1k sinh �3hRki rk=�2� e�3r2k=2�2 (24)with N a normalization 
onstant and �2 = hR2ki � hRki2. The problem thusagain has been redu
ed to the 
al
ulation of low moments, namely hR2ki and
Rk�, whi
h 
an easily be done for the wormlike 
hain [79, 55℄,
Rk� = `p �1� e�L=`p� ; 
R2k� = 2`2p9 �3L`p + e�3L=`p � 1� : (25)The result is also plotted for several ratios `p=L in Fig. 4 (right) for 
om-parison. Though this simple tri
k does not really give quantitatively usefulresults (
ompare to the exa
t numeri
al data [96℄ in Fig. 2), the 
urves inFig. 4 give a qualitative impression of the most salient features of the radial
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exible Polymers 15distribution fun
tion of a semi
exible polymer. Of 
ourse, due to the sim-plisti
 Gaussian s
heme of Eq. (21) they still 
annot reprodu
e the a
tualasymmetry of the peak and the essential singularity of G(r) at r = L. Buttheir derivation demonstrates the drasti
 in
uen
e of 
ontour length 
u
tua-tions onto the statisti
al properties of the model. For a better approximation[10℄ to the radial distribution fun
tion and an exa
t solution in the weaklybending rod limit [96℄ we refer the 
urious reader to the literature.5 Dynami
s of semi
exible polymers in solution5.1 Brief survey of the historyThe dynami
 properties of 
exible polymers [21℄ are most simply des
ribed interms of the famous \bead and spring" model originally proposed by Rouse[76℄. However, the relation of this model to physi
al reality is loose. TheRouse model is motivated mainly by the su

ess of the Gaussian 
hain modelas a qualitative basi
 model for the stati
 statisti
al properties of 
exiblepolymers. Similar as the Gaussian 
hain in stati
s, it 
an be regarded asthe minimal dynami
 model of an ideal 
exible polymer in the spirit of therenormalization group (i.e., in the limit L=`p !1 negle
ting hydrodynami
intera
tion and self-intera
tions). It is obtained by equating the entropi
spring-for
e of Eq. (10) { in the 
ontinuum limit { to the fri
tion of a beadof the dimension of a statisti
al segment. There is no dire
t interpretation ofthe e�e
tive variables of `bead' and `spring' in terms of mole
ular parametersof the polymer, in parti
ular in presen
e of long-ranged hydrodynami
 andsteri
 self-intera
tions. Nevertheless, the Rouse model and a re�ned versionin
luding hydrodynami
 ba
k
ow e�e
ts, whi
h was introdu
ed by Zimm[102℄, have been applied with some su

ess to interpret experimental data.In the 
ase of semi
exible polymers we are in the fortunate situation that we
an (and must, unfortunately) start from a more realisti
 des
ription of thestati
s and dynami
s. As for stati
s, the minimal model for the theoreti
almodeling is the wormlike 
hain introdu
ed in Se
tion 2. (We do not 
onsiderheli
al [101℄ and 
ir
ular [87℄ wormlike 
hain models.) The diÆ
ulties of thismodel, whi
h are mainly a 
onsequen
e of the rigid 
onstraint of 
onstanttangent length, persist in dynami
s. There is additionally the problem of hy-drodynami
 intera
tions. The temptation to simplify the model is thereforeeven larger in dynami
s than in stati
s. From our experien
e with stati
swe expe
t the model to be most tra
table in the limiting 
ases of rather
exible polymers or in the rigid rod limit, respe
tively. In the following we
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 and Colloidal Systemswill pursue the latter route. Of 
ourse, as in stati
s, there is a variety ofpossibilities to introdu
e interpolating models between the Gaussian 
hainand the weakly bending rod. The most 
ommon model of that kind is ob-tained by the attempt to a

ount by a Lagrange multiplier [39℄ (or two ofthem [58, 59, 36, 37, 38℄) for the rigid 
onstraint of 
onstant 
ontour length,i.e. by the `Gaussian approximation'. There is, however, no reason why thefundamental short
omings of Gaussian approximations, demonstrated in Se
-tion 4, should 
ease to persist in dynami
 
al
ulations and we will not dis
ussthese models further. (In fa
t, a whole Lagrange multiplier fun
tion wouldbe needed to enfor
e the rigid 
onstraint properly [32, 83℄.) For a 
riti
aldis
ussion of the pioneering work by Harris and Hearst [39℄, Sâito et al. [79℄,and Fujime [27℄ the interested reader may 
onsult the arti
le by Soda [86℄.The latter also 
ontains a derivation of the equation of motion (in the freedraining and weakly bending rod approximation) of a wormlike 
hain with�nite ba
kbone elasti
ity and gives an outline of the problems of going be-yond the weakly bending rod approximation, whi
h was later attempted byArag�on [6, 4, 5℄. A 
loser examination of the weakly bending rod limit wasperformed by Fujime and Maeda [28℄, Song et al. [88℄, and Farge and Maggs[22℄. Farge and Maggs rederived the stret
hed exponential law for the tailof the stru
ture fa
tor, whi
h had been obtained in a more general 
ontextearlier [26℄, and applied it to dynami
 light s
attering experiments in orderto determine the persisten
e length of mi
ro�laments.5.2 Introdu
tion of the equation of motionWe will now turn to a detailed des
ription of the dynami
al model, whi
hwe will apply for the 
al
ulation of the dynami
 stru
ture fa
tor. Sin
e this
al
ulation will be restri
ted to the 
ase of a long weakly bending rod,�� L; `p (26)we dis
uss the 
onformational dynami
s only in this limit. Hen
e, we 
anwrite the following Langevin equation for the time evolution of the 
onfor-mation r(s; t),�r(s; t)�t = Z L0 ds0 H? [r(s; t)� r(s0; t)℄�� ÆÆr(s0; t)H[r(s0; t)℄ + f(s0; t)� :(27)By H? we denote the mobility matrix not to be 
onfused with the Hamil-tonian H of Eq. (1), and f(s; t) is a thermal random for
e (per length) with
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orrelations to be spe
i�ed below. By the mobility matrix we haveto a

ount for the hydrodynami
 intera
tions and for the rigid 
onstraint.Disregarding the rigid 
onstraint, the mobility matrix would be identi
al tothe Oseen tensor H(r) = 18��r �1+ r
 rr2 � ; (28)whi
h is obtained by integrating out (in the Stokes approximation) the hy-drodynami
s of the pure solvent from the 
oupled equations of motion of thesolvent and the Brownian parti
les [21℄. In presen
e of the rigid 
onstraintand in the weakly bending rod limit, a heuristi
 expression for the mobilitymatrix is [56℄ H?(r) = 18��r �1� r
 rr2 � : (29)In 
ontrast to the Oseen tensor, this de�nition makes sense only for r on thepolymer 
ontour. The proje
tor onto the polymer axis has the opposite signas in Eq. (28). While the hydrodynami
 intera
tions favor the longitudinalmotion of aligned Brownian parti
les (by the positive sign of the proje
toron the mole
ular axis), we have to suppress this motion 
ompletely for asuÆ
iently long sti� rod (negative sign of the proje
tor). Hen
e, Eq. (29)amounts to simply \adding" the rigid 
onstraint to the Oseen tensor, i.e., toproje
ting the Oseen tensor onto the transverse 
oordinates of the polymer.To re
over the free draining approximation we take the parentheses out ofthe integral in Eq. (27) and perform the integral over H? in the rod ap-proximation, jr(s; t)� r(s0; t)j = js� s0j. Thereby we en
ounter the singularnature of the hydrodynami
s of a straight line, i.e., we have to regularize theintegral at the lower bound. A possible regularization of the mobility matrixis ~H?(r) = e�r=�h � e�r=a8��r �1� r
 rr2 � ; (30)where we have introdu
ed along with the mi
ros
opi
 
uto� a (whi
h is ofthe order of the diameter of the rod) a long wavelength s
reening length�h. The latter a

ounts for hydrodynami
 s
reening e�e
ts by surroundingmole
ules. A formal derivation of the hydrodynami
 s
reening term for asemidilute solution of rods has been a
hieved within an e�e
tive mediumapproa
h [66℄. It is found that �h has the same s
aling with 
on
entration
 as the mesh size �m / 
�1=2 of the network. We thus obtain an e�e
tive
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 and Colloidal Systemsfri
tion 
oeÆ
ient per length�s
reened? = 4��ln(�h=a) (31)for the transverse ex
ursions of the 
ontour, where we have assumed L ��h � a. A more satisfying pro
edure to arrive at the free draining approxima-tion is to evaluate the Fourier transform of Eq. (30) with respe
t to 
ontourlength s. We then obtain a mode mobility8��H?(k) = 12 ln�a�2 + k2��2h + k2� ka�1���! 12 ln� a�2��2h + k2� (32)for transverse undulations.6 The latter is logarithmi
ally mode dependent,weak enough that we may approximate it by a 
onstant e�e
tive mobility ��1? .In Se
tion 6.2 we will show how this e�e
tive mobility 
oeÆ
ient 
an be �xedto a reasonable value. We summarize the pre
eding dis
ussion by 
on
ludingthat the weakly bending rod approximation allows one to respe
t the rigid
onstraint and the hydrodynami
 intera
tions in a fairly good approximationwithout going beyond the simple linear Langevin equation for the transverseundulations r?(s; t) already proposed by Soda [86℄,�?�r?(s; t)�t = ���4r?(s; t)�s4 + f?(s; t) : (33)To linear order there is no 
u
tuation of the longitudinal 
oordinate rk = salong the axis of the weakly bending rod. The transverse sto
hasti
 for
esare assumed to have Gaussian 
orrelations withhf?i (s; t)f?j (s0; t0)i = 2kBT�? ÆijÆ(s� s0)Æ(t� t0) : (34)In the remainder of this subse
tion we give a brief qualitative dis
ussion ofthe major 
onsequen
es of Eq. (33) for the dynami
s of a wormlike 
hainand a simpli�ed outline of the more formal 
onsiderations in the followingse
tions.From Eq. (33) we immediately read o� the 
hara
teristi
 relaxation timeof the transverse undulations of wavelength l�l = �?� l4 : (35)6A

ording to the de�nitions in Subse
tion 5.3 the mode fri
tion is by a fa
tor of twolarger than the real spa
e fri
tion 
oeÆ
ient per length. Please do not 
onfuse the modenumber k with the s
attering ve
tor q.
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attering from Semi
exible Polymers 19From this we 
an already dedu
e the 
hara
teristi
 de
ay rate of the stru
turefa
tor of a sti� semi
exible polymer by a s
aling argument [22℄. We expe
ta mode of wavelength of about l to 
ontribute most to the de
ay at timet ' �l. By use of Eq. (35) we 
an solve this equation for l. Re
allingthe result r2? / l3=`p of Eq. (7) for the self-aÆne s
aling of the transverseex
ursions of a sti� polymer we �nd for the mean-square displa
ementÆr2?(t) := 
[r?(t)� r?(0)℄2� /  kBT�?`1=3p t!3=4 : (36)The de
ay of the stru
ture fa
tor is 
aused by these transverse undulations.Assuming that it is dire
tly determined by the mean-square displa
ementvia S(q; t) / exp[�q2Ær2?(t)=4℄ (whi
h is only true for long times) we an-ti
ipate the stret
hed exponential tail derived below. It is probably due tothis suggestive s
aling argument that the latter has been derived by so manyauthors [26, 22, 33, 37, 56, 34℄. It has been 
on�rmed experimentally withvery high a

ura
y for semidilute a
tin solutions [33℄. Re
ently, the sub-di�usive growth of the transverse mean-square displa
ement Ær2?(t) has alsobeen demonstrated in real spa
e for mi
rotubuli [15℄. Similar results havebeen reported for the 
enter of mass motion of a bead with diameter d em-bedded in an a
tin solution with a mesh size smaller than the bead diameter[3℄. It is argued that even if the bead is intera
ting with several �laments thiswill only 
hange prefa
tors but not the exponents of the anomalous di�usionlaw.Up to now we have negle
ted intera
tions between �laments in our 
on-siderations. Though 
ompli
ated in reality, these intera
tions are 
ommonlyrepresented by a simple 
ylindri
ally shaped mean �eld potential [71℄ addedto Eq. (1). Su
h a model is suggested by dire
t 
uores
en
e mi
ros
opy stud-ies with a
tin [49℄ that visualize the tube-like 
on�nement of single 
uores
enta
tin �laments in a semidilute solution of unlabeled �laments. (However, itwould be too naive to interpret the volume tra
ed over time by the labeledpolymer as the quasi-stati
 
on�ning `tube' of a single 
u
tuating test poly-mer. One also has to 
onsider the dynami
s of the surrounding polymernetwork). We 
an again apply simple s
aling arguments to anti
ipate thee�e
t of a harmoni
 
on�nement potential on the transverse mean-squaredispla
ement Eq. (36). In the presen
e of a linear 
on�nement for
e ��r? onthe right hand side of Eq. (33) the 
hara
teristi
 relaxation time of Eq. (35)be
omes � el = �?=(�=l4 + �) and the 
on�ned mean-square displa
ement
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 and Colloidal SystemsÆr2?(�; t) reads Ær2?(�; t) = Ær2?(0; t)F (�t=�?) ; (37)where Ær2?(0; t) � Ær2?(t) is given by Eq. (36). We have introdu
ed a s
alingfun
tion F (x) whi
h redu
es to one for x! 0 and enfor
es the 
on�nement(i.e. time independen
e of Ær2?(�; t) for long times) via F (x ! 1) = x�3=4.The 
hara
teristi
 
rossover time � e0 := �?=� is the typi
al relaxation time ofthe shortest mode that is substantially hindered by the 
on�ning tube. As-suming a stati
 tube, we have still negle
ted the motion of the surroundings.In the following se
tions we will re
over the above s
aling predi
tions froma more quantitative analysis of Eq. (33) and also 
onsider dynami
 
ontri-butions from the surrounding polymer network. We will not 
onsider single
hain reptation, whi
h is the 
onventional me
hanism for interpreting thetail of the stru
ture fa
tor in the 
ase of 
exible polymers [18, 75, 42℄. The
ontributions of reptation to the de-
orrelation of the s
attering signal areless (if at all) relevant in the limit of interest (�� L; `p).5.3 Linear mode analysisThe linear Langevin Equation Eq. (33) 
an be solved by linear mode analysisfor di�erent boundary 
onditions. Here, we do not give a full a

ount of allten possible boundary problems, but refer the interested reader to Ref. [95℄.As we are mainly interested in the internal dynami
s of polymers we fo
us ourattention onto polymers that are mu
h longer than the s
attering wavelength� = 2�=q, whi
h implies that the pre
ise form of the boundary 
onditions isirrelevant for our �nal results (and only in this limit the �nal results havea simple form). We take advantage of this situation to 
onsider parti
ularlysimple boundary 
onditions, namely hinged ends. This 
orresponds to apolymer with its ends held by opti
al traps or freely rotating 
rosslinks.Other boundary 
onditions 
an be implemented with some more writing bythe same pro
edure.Now, we look for the solution r?(s; t) (whi
h stands for one 
omponentof the lo
al transverse deviation r? of the 
ontour from its average axis) ofthe linear equation �? ��tr?(s; t) = �� �4�s4 r?(s; t) (38)
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exible Polymers 21subje
t to the 
ondition of hinged endsr?(s; t)jB = 0 and �2�s2 r?(s; t)jB = 0 : (39)The notation jB refers to the boundaries at s = 0 and s = L. We introdu
eformally the 
omplete set of eigenfun
tions  n(s), whi
h exists be
ause of theself-adjoint property of the di�erential operator �4=�s4. We multiply Eq. (38)by the nth eigenfun
tion  n(s) and integrate over s from 0 to L,��t Z ds  nr? = � ��? Z ds  n �4�s4 r? = � ��? Z ds r? �4�s4 n + B : (40)By B we abbreviate the eight boundary terms generated by partial integra-tion. Four of these boundary terms vanish as a dire
t 
onsequen
e of Eq. (39),the others be
ause the eigenfun
tions  n have to satisfy the same boundary
onditions. Together with Eq. (40) the latter implies that the eigenfun
tionsare ordinary Fourier modes  n(s) = 1L sin n�sL (41)for natural numbers n. In general the eigenfun
tions are linear 
ombinationsof sin, 
os, sinh, 
osh, and the eigenvalues are given as the in�nite set ofsolutions of a trans
endental equation. The spe
tral de
omposition of r?(s; t)into the Fourier modes  n(s) de�nes the mode amplitudes~r?(n; t) := Z ds r?(s; t) n(s) : (42)Using the inversion of Eq. (42),r?(s; t) = 2LXn ~r?(n; t) n(s) (43)in the equation of motion, Eq. (38), or dire
tly from Eq. (40) we obtain~r?(n; t) = ~r?(n; 0) exp(�t=�n) : (44)We have introdu
ed the 
hara
teristi
 de
ay time of the nth mode�n := �L(n�)4 � �?� � Ln��4 ; (45)
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 and Colloidal Systemswith �L = �?L4=� as in Eq. (35). The 
ross-
orrelation of the mode ampli-tudes is h~r?(n; t)~r?(m; 0)i = Ænm 
~r2?(n; 0)� exp(�t=�n) : (46)The stati
 mean-square amplitudes are determined from the equipartitiontheorem 
~r2?(n; 0)� = kBTL3�(n�)4 ; (47)where the boldfa
e notation emphasizes that r? 
omprises two independentdegrees of freedom. Now we 
an pro
eed 
al
ulating other 
orrelation fun
-tions su
h as the redu
ed 
ross-
orrelation of the transverse segment undu-lations r?2ss0 (t) := 
[r?(s; t)� r?(s0; 0)℄2� ; (48)whi
h we rewrite asr?2ss0 (t) = r?2ss0 + Ær?2ss0 (t)= 
[r?(s; 0)� r?(s0; 0)℄2�+ 2 hr?(s; 0)r?(s0; 0)� r?(s; t)r?(s0; 0)i : (49)The �rst term is purely stati
, 
f. Eq. (7), while the se
ond term vanishesfor t ! 0. We introdu
e the mode de
omposition of r?(s; t) from Eq. (43)in the last expression of Eq. (49) to obtainÆr?2ss0 (t) = 4Xn 
~r2?(n; 0)� �1� e�t=�n� 
os[n�(s� s0)=L℄ ; (50)where we have dropped a rapidly os
illating term / 
os[n�(s + s0)=L℄. Fortimes t � �L we 
an perform the 
ontinuum limit repla
ing the sum by anintegral, and applying the equipartition theorem, Eq. (47), we �nally obtainÆr?2ss0 (t) = 4L3`p Z 10 dn (1� e�t=�n)(n�)4 
os �n�L (s� s0)� : (51)The diagonal elements Ær2?(t) := Ær?2ss (t) represent the mean-square segmentdispla
ement Ær2?(t) = 4�(1=4)3�  kBT�?`1=3p t!3=4 ; (52)
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exible Polymers 23where we have used the identityZ 10 dz1� e�z4z4 = �(1=4)3 : (53)We have thus re
overed the s
aling predi
tion from Eq. (36) up to a numeri
alprefa
tor of 4�(1=4)=3� � 1:539. As we noted above, Ær2?(t) 
an dire
tly bemeasured for large biomole
ules su
h as mi
rotubuli [15℄. The fa
t that Ær2?(t)is independent of s is a 
onsequen
e of assuming an in�nitely long polymerand dis
arding the term 
ontaining s+ s0 in Eq. (51).5.4 Entanglement e�e
tsAbove, we have dis
ussed the dynami
s of a single wormlike 
hain. In 
asesof pra
ti
al interest, sti� polymers are rarely en
ountered in isolation butrather in semidilute solutions. Due to the low volume fra
tion of thin longrods, a dilute solution, in whi
h these rods do not overlap, does not give asuÆ
ient s
attering intensity. One is thus for
ed to study semidilute solu-tions, whi
h 
ontain a dense mesh-work of polymers similar to that in Fig. 1.Even in the presen
e of mutual steri
 and hydrodynami
 intera
tions thesingle polymer pi
ture still applies when the s
attering wavelength � is mu
hsmaller than the 
hara
teristi
 mesh size �m of the network. The de
ay ofthe stru
ture fa
tor is then mostly due to modes that are not hindered by thesurroundings. However, if the 
ondition �� �m does not hold, the stru
turefa
tor will show deviations from the simple form derived for a single polymerin Se
tions 6.2-6.3. The strongest deviations o

ur at small s
attering anglesand long times, where the intera
tions of the polymer with its surroundingsare most pronoun
ed.
Le d

Figure 6: The tube-like 
on�nement of a single test polymer by the surroundingnetwork is most simply des
ribed by a 
ylindri
ally shaped 
on�ning potential.However, the dynami
s of the surroundings 
an not be negle
ted.



24 S
attering in Polymeri
 and Colloidal SystemsA simple method to a

ount for hydrodynami
 s
reening e�e
ts has al-ready been dis
ussed in Subse
tion 5.2, i.e., the mode number dependen
e ofthe fri
tion 
oeÆ
ient saturates at a s
reening length �h of about the meshsize of the network [66, 56℄. The steri
 
onstraints are very 
ompli
ated in re-ality, but are often represented by an e�e
tive tube-like 
age [71℄ depi
ted inFig. 6. The 
age is readily implemented in the theoreti
al analysis by addingto the right hand side of Eq. (33) a harmoni
 restoring for
e ��r?(s; t),whi
h keeps the transverse undulations from growing in�nitely. Modes ofwavelength longer than the entanglement length or de
e
tion length [71℄Le := (�=�)1=4 (54)are strongly damped, be
ause they interfere with the long wavelength modesof the surrounding polymers represented by the tube potential. For thenumber of `entanglement segments' L=Le of a polymer we will also write ne.The 
on�ned mean-square displa
ement r2?(�; t), whi
h dominates the tail ofthe stru
ture fa
tor (
f. Se
tion 6.3), is given byÆr2?(�; t) = 4L3`p Z 10 dn 1� e�t=�en(n�)4 + n4e= Ær2?(0; t)3�(3=4; 0; t=� e0 )4(t=� e0 )3=4= p2L3e`p �1� �(3=4; t=� e0 )�(3=4) � : (55)
As a generalization of the de
ay time �n of Eq. (45) we have introdu
ed thenew 
hara
teristi
 relaxation time� en := �L(n�)4 + n4e ; (56)for the Brownian motion in the 
age potential. The relaxation time� e0 = �?� = �?L4e� (57)of a mode of wavelength � 2Le de�nes the time s
ale where the 
onstraintsbe
ome a
tive. The (generalized) in
omplete ��fun
tions are de�ned as�(a; 0; z) := Z z0 dt ta�1e�t ; �(a; z) := Z 1z dt ta�1e�t : (58)
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 S
attering from Semi
exible Polymers 25The expressions given in the se
ond/third line of Eq. (55) are useful forshort/long times t with respe
t to � e0 . The deviations from the free mean-square displa
ement Ær2?(0; t) � Ær2?(t) of Eq. (51) grow asÆr2?(�; t)=Ær2?(0; t) = 1� 3t7� e0 +O(t2) (59)for t� � e0 . For long times t� � e0 the last term in the third line of Eq. (55)vanishes and the mean-square displa
ement saturates at a plateau value,Ær2?(�; t ! 1) = p2L3e=`p, see Fig. 7. Additionally, we should 
onsider thepossible 
onstraints at the ends of a 
ertain part of the 
hain. These mayo

ur in a solution due to inhomogeneities of the tube (whi
h, in reality, is nota homogeneous 
ylinder as assumed by our simple ansatz) or from 
hemi
al
rosslinks in a gel. As long as the 
hemi
al distan
e between two adja
ent
onstraints is still large 
ompared to the s
attering wavelength, they 
an betaken into a

ount perturbatively by introdu
ing a nonzero lower bound ofthe integral in Eq. (55). The leading order 
orre
tion to the mean-squaredispla
ement in Eq. (51) is linear in t [56℄, and therefore not identi
al to theleading order 
orre
tion from the tube 
onstraint, whi
h is proportional toÆr2?(0; t) � t=� e0 / t7=4 a

ording to Eq. (59). For a more rigorous analysis,we should go ba
k to the linear mode analysis of Se
tion 5.3 and applythe appropriate boundary 
onditions for a parti
ular sort of 
rosslinks, alsotaking 
are of the elasti
 for
es (tension along the �lament) generated by thesurrounding network.It seems, however, more important to realize that the surroundings willnot provide a stati
 
age, but will itself be subje
t to the 
olle
tive dynami
sof the solution7. The latter are most simply des
ribed by a di�usion equationfor the overdamped phonons of a homogeneous e�e
tive medium. The elasti
properties of the latter are 
hara
terized by an osmoti
 
ompressibilityK anda shear modulus �. The equation of motion of the displa
ement of a pointin the medium subje
t to the random for
e density f(x; t) is (for low volumefra
tion of polymers) [90, 29℄� ��tr = �K + �3�r(rr) + �r2r+ f : (60)We do not enter the dis
ussion of the relation of the elasti
 
onstants andthe fri
tion 
oeÆ
ient � of the e�e
tive medium to single polymer properties7As noted before, working in the limit � � L; `p, we are negle
ting 
ontributions tothe mean-square displa
ement from reptational motion of the 
hain along the tube.
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attering in Polymeri
 and Colloidal Systemsbut 
onsider them as independent phenomenologi
al 
onstants here. Thedispla
ement ve
tor r 
an be de
omposed into a rotation free and a divergen
efree 
omponent, rl and rt, respe
tively.8 Both obey di�usion equations withthe respe
tive di�usion 
oeÆ
ientsDl := (K + 4�=3)=� (longitudinal) (61)Dt := �=� (transverse) : (62)The 
ontribution of the 
olle
tive modes to the lo
al mean-square displa
e-ment of a single polymer is 
al
ulated from these di�usion equations asÆr2?(t) = 43 Z k
0 k2dk2�2 h
rtkrt�k� �1� e�k2Dtt�+ 2 
rlkrl�k� �1� e�k2Dlt�i :(63)(A fa
tor of 2/3 is due to the proje
tion of the isotropi
 mean-square dis-pla
ement of the surroundings onto the plane perpendi
ular to the polymeraxis.) After applying the equipartition theorem and evaluating the integralswe obtain for the mean-square displa
ementÆr2?(t) = 43 
r2t� 1�p� erf(p!tet)2p!tet !+ 43 
r2l � 1�p� erf(p!let)2p!let ! : (64)Here !t;le := k2
Dt;l are the 
hara
teristi
 relaxation rates for transverse andlongitudinal 
olle
tive modes, respe
tively, and k
 is the high wave number
uto� for the e�e
tive medium des
ription. This 
uto� length also determinesthe magnitude of the stati
 transverse and longitudinal 
u
tuations,
r2l � = kBT2�(K + 4�=3) k
� ; 
r2t � = kBT�� k
� : (65)For long times t � 1=!l;te the error fun
tions saturate and the relaxation ofthe mean-square displa
ement be
omes algebrai
ally slow.It is not yet 
lear how the 
rossover between the single polymer dynami
sand the 
olle
tive modes o

urs in detail. Possibly, the simple tube modeldis
ussed above is too naive. It is 
on
eivable that the 
rossover to thethree dimensional (homogeneous) e�e
tive medium is slow, i.e., that there8The reader should not 
onfuse the longitudinal and transverse 
omponents rl andrt of the displa
ement ve
tor of the e�e
tive medium with longitudinal and transverse
oordinates rk and r? of the 
ontour of a single polymer.
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Figure 7: Mean-square displa
ement of a wormlike 
hain. The 
urves 
orrespondto the free 
hain Eq. (52), the 
hain in a stati
 tube-like harmoni
 potential Eq. (55)and the 
hain in a tube with 
olle
tive ba
kground dynami
s a

ording to Eq. (66),respe
tively.are intermediate steps where the inhomogeneous e�e
tive medium has to bedes
ribed in terms of fra
tal dimensions. To 
ompare the theory to experi-mental data, we make the simplifying assumption !te = !le = !� = 1=� e0 toredu
e the number of free parameters. Here !� is to be regarded as an e�e
-tive phenomenologi
al 
rossover rate not stri
tly identi
al to 1=� e0 as de�nedin Eq. (57). The mean-square displa
ement Ær2?(!�t) for the 
oupled modelof Eq. (60) and Eq. (33) thus be
omes [57℄Ær2?(!�t) = 43 
r2� �1�p� erf(p!�t)2p!�t �+ 43�  kBT!�1��?`1=3p !3=4 �1� (!�t)3=4 34� [�3=4; !�t℄� : (66)The prefa
tors in front of the bra
kets [: : : ℄ 
orrespond to two times the(proje
ted) mean-square 
u
tuations of the polymer in its tube and of thee�e
tive medium, respe
tively. Eq. (66) is also plotted in Fig. 7. The sat-uration of the mean-square displa
ement is mu
h slower than in the stati
tube model of Eq. (55) if the 
olle
tive modes of the medium are taken intoa

ount. As we mentioned above, an even slower approa
h to the plateauat long times 
an be expe
ted in 
ase of a gradual dimensional 
rossover,
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ementslog[S(q; t)℄
log t�q 
�1i 
�1s � e0Figure 8: A s
hemati
 sket
h of the dynami
 stru
ture fa
tor of a semi
exiblepolymer with `p � �. The 
rossover time �q separates the simple exponentialinitial de
ay with 
hara
teristi
 de
ay rate 
i from the stret
hed exponential tailwith 
hara
teristi
 de
ay rate 
s. For `p ! � the times �q and 
�1i shift towards
�1s . In semidilute solutions the de
ay of the stru
ture fa
tor is slowed down atlong times t � � e0 by steri
 intera
tions with the surroundings.whi
h presumably is not properly des
ribed by the present approximation ofa single 
rossover frequen
y !�.6 Dynami
 stru
ture fa
torDynami
 s
attering te
hniques have be
ome a powerful tool for measuringdynami
s of polymeri
 and 
olloidal systems over many de
ades in time[9, 82, 13, 42℄. The range of problems a

essible to s
attering methods hasbeen extended by the in
reased 
apa
ity of the more 
onventional neutronand light s
attering methods and also by development of new te
hniques su
has di�using-wave spe
tros
opy [94℄. S
attering measurements 
omplementthe information provided by other te
hniques su
h as birefringen
e measure-ments, 
hromatography, rheology et
., and re
ently developed mi
ros
opi
real spa
e methods su
h as mi
ro-rheology and video mi
ros
opy of 
uores-
en
e labeled polymers. In 
ontrast to the more dire
t mi
ros
opi
 methods,dynami
 s
attering experiments average over a sample of mole
ules of all pos-sible orientations and 
onformations with all kinds of dynami
 modes ex
itedby thermal noise. As a 
onsequen
e, the 
al
ulation of the dynami
 stru
turefa
tor involves su
h an averaging pro
edure, whi
h is a 
ompli
ated task ingeneral. However, this task is greatly fa
ilitated in the limit of (randomlyoriented) long weakly bending rods (�� `p; L), whi
h we 
onsider here.



Dynami
 S
attering from Semi
exible Polymers 296.1 De�nitionsBefore going into the 
al
ulation we introdu
e the 
hara
teristi
 time s
ales�q := �?�q4 ;
i := (q`p�q)�1 � kBT�? q3
s := (q`p)�4=3��1q � kBTq8=3�?`1=3p : (67)
The time �q 
an be interpreted as the 
hara
teristi
 relaxation time of amode of wavelength 2�=q. The two relaxation rates 
i and 
s will turnout to be (up to numeri
al prefa
tors) the initial de
ay rate and the de
ayrate of the stret
hed exponential tail, respe
tively. The main result of thepresent se
tion will be that the dynami
 stru
ture fa
tor has a simple ex-ponential initial de
ay exp[�
1
it℄ followed by a stret
hed exponential tailexp[�
2(
st)3=4℄ where 
1 and 
2 are numeri
al 
onstants (see Fig. 8). Whi
hof these de
ay laws a
tually dominates the stru
ture fa
tor depends on therelative magnitude of the initial de
ay rate 
i and the 
rossover time �q. Forsmall 
i�q = (q`p)�1 (the limit, where the derived results be
ome exa
t) thestret
hed exponential de
ay is dominant. On the other hand, for q`p ! 1 thetwo de
ay rates 
i and 
s approa
h the same value ��1q and the stret
hed ex-ponential tail is shifted to long times, where the s
attering fun
tion is alreadysmall.The 
oherent dynami
 stru
ture fa
tor (the intermediate s
attering fun
-tion) of a single polymer is de�ned asS(q; t) = 1N Xnm 
eiq[rn(t)�rm(0)℄� ; (68)where the sum is over all N `monomers' (
ontour elements represented aspoint s
atterers) along the polymer. We take advantage of the fa
t thatwe are 
on
erned with a long weakly bending rod to split the 
oordinates rand the s
attering ve
tor q into 
omponents rk, qk and r?, q? parallel andtransverse to the 
ontour, respe
tively. A

ordingly, we split the statisti
alaverage into a thermal average h: : :iT over the transverse undulations drivenby the random for
es and an orientational average h: : :iO over the quasi-stati
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attering in Polymeri
 and Colloidal Systemsorientation of the rod axis. We thus rewrite the right hand side of Eq. (68)as 1N Xnm DDeiq?[r?n (t)�r?m(0)℄ET eiqk[rkn�rkm℄EO : (69)Note that the longitudinal 
oordinates are independent of time for a weaklybending rod and hen
e 
an be taken out of the thermal average. Be
ausethe random for
es are assumed to have Gaussian 
orrelations we may rewritethis in the form 1N Xnm De�q?2r?2nm(t)=4eiqka(n�m)EO (70)with rkn = an and the short-hand notation r?2nm(t) for the redu
ed 
ross-
orrelation of the transverse segment undulations from Eq. (48). (One maythink of a as the monomer size.) Next we substitute the expli
it form ofthe orientational average by introdu
ing the angle � to the rod axis. Withqk = q 
os �, q?2 = q2 sin2 �, h: : :iO = 1=2 R �0d� sin �(: : : ) and x := 
os � wethus obtain S(q; t) = 12N Xnm Z 1�1dx e�(1�x2)q2r?2nm(t)=4eiqxa(n�m) : (71)The transverse undulations r?2nm(t) 
an be further de
omposed into a stati
and dynami
 
ontributions as in Eq. (49)r?2nm(t) = r?2nm + Ær?2nm(t)= 
[r?(n; 0)� r?(m; 0)℄2�T+ 2 hr?(n; 0)r?(m; 0)� r?(n; t)r?(m; 0)iT : (72)6.2 Initial de
ay (t� �q)We expand the time dependent part of S(q; t) into its Taylor series, the higherorder terms of whi
h we abbreviate by (: : : ) for 
onvenien
e of presentation,12N Xnm Z 1�1dx [1� (1� x2)q2Ær?2nm(t)=4 + : : : ℄eiqxa(n�m)+(1�x2)q2r?2nm : (73)The zeroth order is of 
ourse nothing but the stati
 stru
ture fa
tor S(q) �S(q; 0). Disregarding the term r?2nm in the exponent we re
over the expressionfor a rigid rod, Eq. (18) of Se
tion 2. To analyze further the dynami
 part
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exible Polymers 31of the stru
ture fa
tor, S(q; t) � S(q), we need the expli
it expression forÆr?2nm(t) whi
h was 
al
ulated in Se
tion 5.3. With the notation introdu
edin Eq. (67) we rewrite Eq. (51) of Se
tion 5.3 in the formq2Ær?2nm(t)=4 = (
st)3=4� Z 10 dzz4 �1� e�z4� 
os�zqa(n�m)(t=�q)1=4 � : (74)To �rst order we thus haveS(q; t)� S(q) = �(
st)3=42N� Xnm Z 1�1dx (1� x2) Z 10 dzz4 �1� e�z4�� exp �iqa(n�m)(x + z=(t=�q)1=4) + (1� x2)q2r?2nm� : (75)For short times t � �q, the term proportional to z=(t=�q)1=4 dominates theexponential in the se
ond line of the last equation. Negle
ting the stati
terms in the exponential, it simpli�es toS(q; t! 0)� S(q) = �2(
st)3=43N� Z 10 dzz4 �1� e�z4� sin2[qLz=2(t=�q)1=4℄[qaz=2(t=�q)1=4℄2 :(76)The last term is strongly peaked for short times, rendering the stru
turefa
tor to �rst order asS(q; t! 0)� S(q) = �2
it=3qa ; (77)with the 
hara
teristi
 de
ay rate 
i introdu
ed in Eq. (67). We �nallysubstitute for the stati
 stru
ture fa
tor its asymptoti
 form for large qL, q`pfrom Eq. (19), S(q) � �=qa, to obtain for the initial de
ay of the dynami
stru
ture fa
torS(q; t! 0)S(q) = 1� 2kBT3��? q3t (t� �q; �� `p; L) : (78)In bra
kets we have indi
ated the range of validity for this result. We 
on-
lude that the initial de
ay of the dynami
 stru
ture fa
tor of a long weaklybending rod is of the formS(q; t)S(q) = exp�� 23�
it� (t� �q) : (79)
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attering in Polymeri
 and Colloidal SystemsThe time region of validity of this result is smaller than the inverse initialde
ay rate 
�1i , and hen
e it gives only an asymptoti
 short time limit inthe 
ase of large q`p. However, we expe
t that Eq. (79) remains at leastqualitatively valid for more 
exible polymers with q`p � 1. In that 
ase,Eq. (79) predi
ts a mainly simple exponential de
ay of S(q; t).Comparing Eq. (78) with a 
al
ulation of the initial de
ay rate from aSmolu
howski equation equivalent to Eq. (27) we 
an estimate the e�e
tivefri
tion 
oeÆ
ient �? introdu
ed in Eq. (33). Within the approa
h from theSmolu
howski equation no approximation of the hydrodynami
 fri
tion isneeded and the full Oseen tensor 
an be used. The pri
e one has to pay isthat the rigid 
onstraint of 
onstant tangent length is not easily implemented.In Ref. [56℄ we proposed a heuristi
 argument to 
ure this de�
ien
y. Wepostpone the te
hni
al details to Appendix A and quote the result fromEq. (101), 
(0) := � d logS(q; t)dt ����0 = kBT ln(e5=6=qa)6�2� q3 : (80)By 
omparison with Eq. (78), this suggests�? = 4��ln(e5=6=qa) (81)for the e�e
tive transverse fri
tion per length of a semi
exible polymer indilute solution. The dependen
e of �? on the lateral diameter, whi
h entersthe 
al
ulation as an ultra-violet 
uto�, should not 
ome as a surprise, 
f.Eq. (32). It is a dire
t 
onsequen
e of the tenden
y of the re
ipro
al distan
elaw of the hydrodynami
 intera
tion to give large weight to short distan
es.Together with the (singular) rod-like stru
ture of the polymer this leadswithin the Smolu
howski equation approa
h to an integral expression for the�rst 
umulant 
(0) that diverges logarithmi
ally at the upper bound. Thisimplies that the main 
ontributions to the integral 
ome from large waveve
tors and thus justi�es a posteriori the weakly bending rod approximation,sin
e even rather 
exible polymers be
ome rod-like on short length s
ales.It also sheds some light on the question, how mu
h one should trust the
lassi
al result for the �rst 
umulant of 
exible 
hains (see e.g. the bookby Doi and Edwards [21℄) when dealing with real polymers. For 
exiblepolymers the de
ay rate is also expressed by an integral over modes, whi
his, however, 
onvergent at the upper bound. Of 
ourse, the 
onvergen
e ofthe expression is a 
onsequen
e of ignoring the lo
al rod-like stru
ture of
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exible Polymers 33real polymers and representing them as fra
tal Gaussian 
hains down to thesmallest length s
ales. This is only justi�ed in the limit L=`p ! 1, whi
his hard to attain experimentally. The in
apability of the result to explainquantitatively the experimental data has been known for years [80, 20℄. It isa 
onsequen
e of non-negligible persisten
e lengths of the mole
ules, in otherwords, \it is no use interpreting data in terms of Gaussian 
hains when on thes
ale of observation the 
hains are no longer behaving as Gaussians" [42℄. Inmore re
ent neutron s
attering studies 
omparison is usually made with thetheory by Ak
asu et al. [2℄ for the initial de
ay rate. However, an attempt tointerpret neutron s
attering from 
ommon `
exible' polymers with `p � q�1in terms of Eq. (80) 
ould be worthwhile. Some su

essful appli
ations ofEq. (80) to dynami
 light s
attering data will be mentioned below.Histori
ally, experimental results have often been summarized in terms ofthe dynami
 exponent z 
hara
terizing the dispersion relation 
(0)(q) / qz.To relate the above results to these experiments we 
an extra
t this dynami
exponent from the derived expression for the initial de
ay rate Eq. (80). Dueto the logarithmi
 wave ve
tor dependen
e of 
(0) the e�e
tive exponent isweakly q�dependent z(k) = 36 ln qa� 36 ln qa� 5 : (82)This fun
tion together with a modi�ed expression for a semidilute solutionis plotted in Fig. 9 taken from [56℄. The limiting value z = 3 of the 
exiblepolymer models is re
overed in the limit qa ! 0. The slow logarithmi

onvergen
e is in a

ord with the low z values reported in the experimentalliterature (see de Gennes' book [17℄ for a brief summary).The results of this subse
tion and Appendix A are not only of a
ademi
interest but 
an be of pra
ti
al use. The fa
t that the diameter a of themole
ule enters Eq. (80) 
an be used to determine this model parameterfrom the dynami
 stru
ture fa
tor for polymers with q`p � 1 but qa � 1.The method has in fa
t been shown to give rather a

urate results for �brinand intermediate �laments [7, 48, 65, 43℄. A
tin �laments are probably toosti� to obtain an a

urate value for a in the same way, but the agreementof Eq. (80) with experimental data is still very good [33℄. For some moredetails see Se
tion 6.6.



34 S
attering in Polymeri
 and Colloidal Systems

0.0 0.1 0.2
2.6

2.7

2.8

2.9

dilute
semidilute

PSfrag repla
ements qa
z(q)

Figure 9: The e�e
tive dynami
 exponent z that 
hara
terizes the dispersionrelation 
(0)(q) / qz. Solid line: Eq. (82), broken line: a representative 
urve fora semidilute solution with s
reened hydrodynami
 intera
tions as introdu
ed inAppendix A.6.3 Stret
hed exponential de
ay (t� �q)For times longer than the 
rossover time �q introdu
ed in Eq. (67) we will nowderive the stret
hed exponential tail of the s
attering fun
tion anti
ipated bythe s
aling argument in Se
tion 5. For t� �q we 
an drop the 
ontributionsz=(t=�q)1=4 in the last exponential of Eq. (75). The integral over z has beenevaluated before in Eq. (53) and the remaining summation and integrationinvolves stati
 terms onlyS(q; t)S(q) = 1� �(1=4)3� (
st)3=4R for �q � t� 
�1s (83)withR := 1S(q)N Xnm Z 1�1dx 12(1� x2) exp �iqa(n�m)x + (1� x2)q2r?2nm� :This de
oupling of stati
 and dynami
 
ontributions also holds for higherorders in the series of Eq. (73). From the derivation it should be 
lear thatR = 1, whi
h 
an be 
he
ked expli
itly using12N Z 1�1dx(1� x2)sin2(kLx=2)(kax=2)2 kL!1����! �ka : (84)
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ting for large times the z dependen
e in the last exponential of Eq. (75)amounts to repla
ing in Eq. (70) the redu
ed 
ross-
orrelation r?2nm(t) byits diagonal elements; i.e., for t ! 1 the time dependen
e of the stru
-ture fa
tor is due to the mean-square segment displa
ement. (The 
oher-ent s
attering fun
tion of the polymer approa
hes the in
oherent s
atteringfun
tion.) In this approximation the expression in Eq. (70) is redu
ed to�=qa � exp(�q2r?2nn(t)=4) by use of1N Xnm eiqxa(n�m) = 2�Æ(x) : (85)Hen
e, the de
ay of the dynami
 stru
ture fa
tor is expressed as a stret
hedexponential as anti
ipated in Se
tion 5,S(q; t)S(q) = exp���(1=4)3� (
st)3=4� (t� �q) : (86)The stret
hed exponential tail of the dynami
 stru
ture fa
tor is a signatureof the bending undulations of the polymer and hen
e the de
ay rate 
s andthe 
rossover time �q both depend on the persisten
e length `p. In prin
i-ple the persisten
e length of a semi
exible polymer 
an be determined by a
omparison of experimental data with Eq. (86). In pra
ti
e, relative di�er-en
es in sti�ness are easily dete
ted with high a

ura
y if the diameters ofthe mole
ules are known (or are assumed to be identi
al [33℄). In 
ontrast,a

urate absolute values are diÆ
ult to obtain for several reasons. First, `pappears in the exponent with a power 1/4, whi
h makes the method sensitiveto experimental error. Se
ond, determining a stati
 quantity by a dynami
method always implies a further model parameter, i.e., we have to spe
ifythe fri
tion 
oeÆ
ient. Again in prin
iple, this 
an be a
hieved by a mea-surement of the initial de
ay rate as suggested in Se
tion 6.2. In pra
ti
e,however, for the initial de
ay rate to be determined with some a

ura
y, 
i�qshould not be too small. This implies that one may get problems to �nd ana

urate �t to the tail of the stru
ture fa
tor. Further 
ompli
ations arisefrom polydispersity, hydrodynami
 s
reening and entanglement e�e
ts.6.4 Entanglement e�e
tsThe e�e
ts of steri
 intera
tions with the surrounding network on the spatio-temporal self-
orrelations of a single polymer have been dis
ussed in Se
-tion 5.4 in the framework of the tube model and the 
olle
tive modes of an
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tive vis
oelasti
 medium. As we already mentioned there, the steri
 
on-straints mainly a�e
t the tail of the stru
ture fa
tor. Instead of Eq. (86) wenow have S(q; t)S(q) = exp ��q2Ær2?(!�t)=4� (87)with Ær2?(!�; t) from Eq. (66). In prin
iple one should 
onsider the rela-tive 
ontributions of longitudinal and transverse modes to the mean-squaredispla
ement separately. The �nal value of the exponent for long times,2W = q23 
r2t + r2l �+ q23�  kBT!�1��?`1=3p !3=4 (88)
omprises transverse and longitudinal stati
 
u
tuations of the e�e
tivemedium (�rst term) and the transverse 
u
tuations of individual polymerwithin the tube (se
ond term) a

ording to the equipartition theorem. Thelong time limit e�2W of S(q; t)=S(q) is known as Lamb-M�ossbauer fa
tor insolid state physi
s. Stri
tly speaking this notion only applies to a solid body,whereas in the 
ase of a solution one should more a

urately speak of anelasti
 plateau. In reality the plateau seems to be slanted as 
an be seenfrom experimental data [77℄.Up to now we have 
on
entrated on s
attering from a single polymer insolution. Although we 
onsidered 
ontributions from 
olle
tive modes to itsmotion, we still negle
ted spatio-temporal 
orrelations of di�erent polymersin the s
attering fun
tion. A s
attering experiment that resolves the �nalslowing down of the de
ay of the stru
ture fa
tor in time will hardly resolvesingle polymers in spa
e. For s
attering wavelengths mu
h larger than themesh size, the single polymer s
attering fun
tion, Eq. (68), is no longer appro-priate. The s
attering is then des
ribed in terms of 
on
entration 
u
tuationsof the 
olle
tive medium. These also obey a di�usion equation [90, 29, 68℄and give rise to a simple exponential de
ayS
(q; t) / exp(�q2Dlt) (q�m � 1) (89)of the 
olle
tive dynami
 stru
ture fa
tor. Finally, (for even longer times ifL � Le) one enters the time regime of reptation, where the polymers 
anwander out of their tubes and the medium exhibits 
uid-like behavior.
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exible Polymers 376.5 Polydispersity and 
lustersApart from steri
 and hydrodynami
 intera
tions there are other types of\non-ideal" e�e
ts that frequently o

ur in experimental appli
ations. A
ommon problem en
ountered by experimentalists trying to apply a theoryto their measured data is polydispersity of 
hain length. This subse
tion 
on-tains a short digression to this pra
ti
ally important topi
. Conventionally,polydispersity has been analyzed in terms of the moments of the size distri-bution [52℄. However, here we are interested in polydispersity in the limit oflarge s
attering wavelength (�� L) as the extreme s
enario opposite to thesituation �� L studied above, whi
h is also 
apable of produ
ing stret
hedexponential tails in the s
attering fun
tion. Stret
hed exponential tails ofthe stru
ture fa
tor are of 
ourse not an unambiguous signature of bendingmodes.An important example for a strongly polydisperse system is a
tin, whi
hhas been shown to exhibit an approximately exponential length distributionin in vitro experiments [47℄. The presen
e of short fragments that di�usefaster than the bending modes of 
omparable size, 
ertainly a�e
ts the dy-nami
 stru
ture fa
tor. However, these e�e
ts are negligible, if most of themass in the solution is 
ontained in long �laments with L� �. If this is notthe 
ase, a theoreti
al analysis be
omes 
ompli
ated. Beyond the e�e
ts dis-
ussed so far, we also would have to take into a

ount rotational motion and
enter of mass di�usion (plus polydispersity) of the polymers, whi
h makesthe 
al
ulations mu
h more 
ompli
ated [6, 4, 5, 88℄. Moreover, the dataanalysis be
omes ambiguous in the presen
e of too many �t parameters. Inthe extreme 
ase of parti
les whi
h are short enough that we 
an negle
t theirinternal and rotational dynami
s against translational motion (i.e., L� �),the analysis of polydispersity is rather simple and still interesting enoughthat we want to mention it here.Suppose that we have parti
les of 
ontour length s and di�usion 
oeÆ
ientDs ' kBT�s1=D (1 � D � d) (90)with a size distribution ns / s��e�s=� (91)and a typi
al size �. Our ansatz is general enough to 
omprise also 
lustersand aggregates, whi
h o

ur frequently in the presen
e of 
hemi
al 
rosslink-ers or bad solvents and have been analyzed in the 
ontext of gelation [63, 69℄.
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 and Colloidal SystemsFor example we would set � = 0, D = 1 for an exponential length distribu-tion of rod-like a
tin fragments and � = 5=2 or � = 2:2 for gelation 
lustersa

ording to mean �eld theory or per
olation theory [89℄, respe
tively. Ingeneral, the value of � re
e
ts the rea
tion kineti
s of polymerization, ag-gregation (� < 2) or gelation (� > 2), while D 
hara
terizes the stru
turesthat emanate from this rea
tion [93℄.9 A

ording to our above assumption oflarge s
attering wavelength we write the s
attering fun
tion of the solutionas S(q; t) = Z 10 ds s2 ns exp(�q2Dst) : (92)Introdu
ing the dimensionless length u := s=� and the 
hara
teristi
 de
ayrate 
� := D�q2 we rewrite this integral asS(q; t) / Z 10 du u2�� exp�� 
�tu1=D � u� (93)The spe
ial 
ase of � = 5=2 and D = 1 
an be regarded as a prototypeof this kind of integrals. In this 
ase the integral evaluates to a stret
hedexponential, S(q; t)=S(q) = e�2p
�t. In other 
ases of interest, S(q; t) stillhas a stret
hed exponential tail (up to logarithmi
 
orre
tions), as is readilyseen from a saddle point approximation,S(q; t) � exp��(1 +D)(
�t=D) D(1+D)� (t!1) : (94)Whether the tail is observable in an a
tual experiment, 
riti
ally depends onthe values of the exponents. For small values of the exponent �, the observedS(q; t) is mostly simple exponential be
ause the stret
hed exponential tailregime is only rea
hed for very large times t� 
�1� .Compared to the 
rosslinking of small parti
les or to the 
ase of smalls
attering ve
tors (q� � 1), whi
h is in
luded in the foregoing dis
ussion,the situation at large q is more diÆ
ult to understand. Additional 
ompli
a-tions arise in 
rosslinking of strongly entangled polymer solutions, sometimesreferred to as `vul
anisation'. In general, there is a trend towards segregationleading to 
on
entration 
u
tuations [17℄. Strongly entangled a
tin solutionsdevelop super-stru
tures su
h as bundles and 
lusters upon 
rosslinking [91℄.9The e�e
tive vis
osity seen by the di�using parti
les 
an in general be di�erent fromthe pure solvent vis
osity �. In parti
ular it may be divergent at the gelation transitionas is the typi
al 
luster size � [64℄.
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Figure 10: The dynami
 stru
ture fa
tor of a semidilute a
tin solution taken fromReferen
e [33℄. Left: The stret
hed exponential Eq. (86) (on the data) 
omparedto the best single exponential �t. Right: The q�dependen
e of the initial de
ayrate, Eq. (80).The strength of the indu
ed 
on
entration 
u
tuations in
reases with theamount of a
tive 
rosslinkers. If the s
attering wavelength � has been ofthe order of the mesh size �m prior to 
rosslinking, there will in general de-velop regions with �m < � and regions with �m > � upon 
rosslinking. Thes
attering signal 
ontains 
ontributions from densely 
rosslinked 
lusters orbundles as well as from the rather dilute ba
kground medium. The dynami
s
attering fun
tion of su
h inhomogeneous networks shows a strong slowingdown of the de
ay as 
ompared to a solution [31℄. Only in the ideal 
ase ofneatly bound bundles repla
ing the single �laments, this 
an be explaineda

ording to Eq. (86) by the in
reased sti�ness and diameter of the bundles
ompared to the single �laments. In general, the long time dynami
s 
an beattributed to the slow motion of the 
lusters/bundles, while the short timebehavior is still due to single �lament dynami
s within the less dense regions.It is, however, an open question to what extent the results of Se
tion 6.4 
anstill be applied for a quantitative interpretation. In summary, the 
ompli-
ated s
attering signals obtained at large q upon 
rosslinking of entangledsemi
exible polymer networks, although of great experimental and pra
ti
alinterest, are still not very well understood.6.6 Appli
ations to biopolymersLight s
attering has traditionally been applied as a major tool for the in-vestigation of biopolymers and some of the earlier work has been reviewed
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Figure 11: The q�dependen
e of the initial de
ay rate. Comparison of the 
lassi
alresult for a swollen Zimm 
hain [21℄ with Eq. (80) and quasi-elasti
 light s
atteringexperiments with the semi
exible biopolymer �brin [7℄. The data were most kindlyprovided by G. Ar
ovito.by Bloom�eld [11℄ and Janmey [45℄. As we mentioned in the introdu
tion,biopolymers are important 
andidates for an appli
ation of theories of semi-
exible polymers. Espe
ially a
tin has played a major role as a model semi-
exible polymer in some re
ent investigations [50, 60, 61℄. The attempts todetermine the persisten
e length of a
tin by dynami
 light s
attering dateba
k to the early 70's [27℄. Conventionally, the analysis of s
attering datahas often been performed in terms of 
umulant expansions of the s
atteringfun
tion or de
omposition into single exponential 
ontributions. Through-out this 
ontribution we have been emphasizing that sometimes the form ofthe dynami
 s
attering fun
tion as a whole has to be 
onsidered to extra
tphysi
al information from the data. Our fo
us has rather been on stret
hedexponential tails than on expansions or de
ompositions. However, the the-oreti
al 
on
epts des
ribed above are relatively re
ent developments, andexperimental appli
ations are therefore ne
essarily s
ar
e. The �rst analy-sis of experiments in terms of the stret
hed exponential tail Eq. (86) wasperformed by Farge and Maggs [22℄. They estimated the persisten
e lengthof mi
ro�laments from s
attering data by Pie
kenbro
k and Sa
kmann [74℄.The method was re�ned in later appli
ations [46℄. A more detailed analysis ofs
attering data from a
tin was performed by G�otter et al. [33℄. Apart from
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attering from Semi
exible Polymers 41analyzing the sti�ening of a
tin mi
ro�laments by Eq. (86), these authorsused Eq. (80) for the initial de
ay rate to interpret data taken by S
hmidt[81℄. In Fig. 10 we reprodu
e the stret
hed exponential �t 
ompared to thebest single exponential �t (left) and the q�dependen
e of the initial de
ayrate (right) from Referen
e [33℄. Though it is not yet 
lear whether the timeresolution of these experiments is suÆ
ient to obtain a

urate quantitativeresults for the lateral diameter of a
tin �laments from the initial de
ay rate,the agreement of the data with Eq. (80) is 
onvin
ing. Very re
ently, Eq. (80)has su

essfully been used to analyze dynami
 light s
attering from �brin [7℄and intermediate �laments su
h as vimentin and desmin [48, 65, 43℄, whi
hare more 
exible than a
tin, and therefore better suited for initial de
aymeasurements. The �t of Eq. (80) used to determine the diameter of thebiopolymer �brin has been reprodu
ed from Referen
e [7℄ in Fig. 11. Theseinvestigations suggest that Eq. (80), though derived in the limit of a weaklybending rod, is in very good agreement with data obtained for rather 
ex-ible polymers (q`p � 1). Measuring the initial slope of the stru
ture fa
torat various s
attering angles 
ompensates partially for the sensitivity of themole
ular diameter a to experimental errors, so that the method 
an be usedto determine a by a s
attering experiment with qa � 1. In summary, al-though there have been some en
ouraging experimental appli
ations of thetheoreti
al work presented above, the potential of the method for pra
ti
alappli
ations has not yet been fully explored. In parti
ular, at the time ofwriting it is still an open question, to what extent Eq. (86) 
an be usedas a quantitative method for determining absolute values of the persisten
elength, and whether Eq. (87) is able to explain the long time behavior of thes
attering fun
tion in semidilute solutions.7 Con
lusionsWe have reviewed the dynami
 stru
ture fa
tor of semi
exible polymers de-s
ribed by the wormlike 
hain model. The analysis was performed in thelimit of long weakly bending rods, i.e., for s
attering wavelengths whi
h arerelatively short 
ompared to the total 
ontour length and the persisten
elength of the polymer. We have also introdu
ed the reader to some basi
notions of the statisti
al me
hani
s of semi
exible polymers and emphasizedthe di�eren
e to the well known Gaussian 
hain model of 
exible polymers.After brie
y reviewing some knowledge about the stati
 stru
ture fa
tor ofa wormlike 
hain, we dis
ussed at length the dynami
s of a wormlike 
hain.



42 S
attering in Polymeri
 and Colloidal SystemsThe main result is that the dynami
 stru
ture fa
tor has a simple expo-nential short time de
ay and a stret
hed exponential tail; 
f. Eq. (79) andEq. (86). In 
ontrast to 
exible polymers the stret
hed exponential tail dom-inates the time de
ay for sti� polymers. Very re
ent experiments with �brin[7℄, vimentin [48℄ and desmin [65, 43℄ suggest that Eq. (79) may be usefulto determine the �lament thi
kness when the s
attering wavelength and thepersisten
e length are of about the same size, so that the single exponentialinitial de
ay of the stru
ture fa
tor is dominant. We have also dis
ussedmodi�
ations of the main results in the presen
e of steri
 and hydrodynami
intera
tions of the polymers in semidilute solutions, when the mesh size isnot very small 
ompared to the s
attering wavelength, Eq. (87). These morere
ent extensions of the theory still await experimental veri�
ation.
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exible Polymers 43A Initial slope from the Smolu
howski equationWithin the Fokker-Plan
k or Smolu
howski formalism the initial slope of thedynami
 stru
ture fa
tor Eq. (68) is given by the expression [21, 1℄
(0) � � d logS(q; t)dt ����0 = kBTPnm hqH(rn � rm)q exp[iq(rn � rm)℄iPnm hexp[iq(rn � rm)℄i (95)and is in this 
ontext dire
tly related to the frequen
y matrix [1℄. It issolely dependent on the mobility matrix H and on the stati
 stru
ture of thepolymer. The potential responsible for the 
onformational properties doesnot enter expli
itly. This 
an be understood as a 
onsequen
e of the times
ale separation between the sto
hasti
 for
es and the Brownian dynami
s.The fastest motions of a system of Brownian parti
les are the solvent driven
u
tuations around the equilibrium 
onformation, where the restoring for
esfrom any well behaved 
onformational potential vanish. These give rise tothe initial de
ay of the dynami
 s
attering fun
tion. In prin
iple, as we haveexplained in Se
tion 5, the rigid 
onstraint present in the wormlike 
hainmodel has to be introdu
ed into the mobility matrix. This has easily beena
hieved in real spa
e, Eq. (29), but there is no simple way to introdu
ethe rigid 
onstraint into (three dimensional) Fourier spa
e. However, by thefollowing argument we 
an estimate (and 
orre
t for) the error in the 
al
u-lation of the initial de
ay rate due to negle
ting the rigid 
onstraint. Withthe Oseen tensor of Eq. (28) ex
ursions transverse to the 
ontour en
ountera fri
tion whi
h is twi
e the fri
tion in the longitudinal dire
tion. This is a
onsequen
e of the more e�e
tive hydrodynami
 ba
k
ow intera
tion alongthe 
ontour than transverse to the 
ontour. For the same reason the trans-verse fri
tion 
oeÆ
ient of a rod is two times its longitudinal fri
tion. Withthe rigid 
onstraint present, however, the motion along the hydrodynami
`easy axis' (the mole
ule axis) is 
ompletely suppressed for a suÆ
iently longrod in the weakly bending rod approximation, as seen by the opposite signof the proje
tor in Eq. (29). On the level of 
ounting degrees of freedom(two transverse and one longitudinal) we 
an thus a

ount for the rigid 
on-straint by dividing by a fa
tor of two the average mobility of the monomers
al
ulated by use of Eq. (28) instead of Eq. (29). To estimate the e�e
tof hydrodynami
 s
reening through possible surrounding network stru
tureswe also introdu
e an infrared 
uto� �h for the range of the hydrodynami
intera
tions as in Eq. (30), so that the appropriate mobility matrix for the
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al
ulation of the initial slope readsH(r) = e�r=�h16��r �1+ r
 rr2 � ; (96)whi
h we represent as a Fourier integralH(rn � rm) = 12� Z d3p(2�)3 1p2 + ��2h �1� p
 pp2 � exp[ip(rn � rm)℄ : (97)We thus arrive at the following expression for 
(0),
(0) = kBT2�S(q) Z d3p(2�)3 � q2p2 + ��2h � (qp)2p2(p2 + ��2h )�S(p+ q) ; (98)whi
h we may rewrite in the formkBT2� Z d3pS(p)(2�)3S(q) � q2(p� q)2 + ��2h � (q(p� q))2(p� q)2((p� q)2 + ��2h )� ; (99)due to the translational invarian
e of the p�integral, whi
h extends over thewhole of p�spa
e. Integrating out the angle between q and p we �nd
(0) = kBT4� �2h Z dp p2(2�)2 S(p)S(q) �(p2 � q2)22pq log ����p� qp+ q ����+ (p2 + ��2h � q2)2 + 4��2h q24pq log (p+ q)2 + ��2h(p� q)2 + ��2h � 1�2h� : (100)The remaining integral is divergent at the upper bound by virtue of thesingular hydrodynami
s of the rod, whi
h enters through the stati
 stru
turefa
tor S(p). As a 
onsequen
e, the main 
ontributions 
ome from shortlength s
ales, whi
h justi�es the rod approximation S(q) / q�1 and forbids {even for a rather 
exible polymers { the fra
tal approximation S(q) / q�1=�of Eq. (20). As a 
uto� for the integral we use the inverse lateral diameter ofthe mole
ule 1=a and expand the rather lengthy result to leading order in qaand to zeroth order in the s
reening wave ve
tor ��1h to obtain the expressionquoted above, 
(0) = kBTq36�2� �56 � ln qa� : (101)More 
ompli
ated expressions, e.g. the one used for the dashed line in Figs. 9and 10, result if higher orders of ��1h are not dis
arded [56℄.
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exible Polymers 45B Glossary of symbolsa lateral diameter of the polymerDt;l di�usion 
oeÆ
ient for transverse/longitudinal 
olle
tive modesf? Gaussian random for
e per lengthf
 
riti
al for
e for bu
klingG(r;L) radial distribution fun
tion
(0) initial de
ay rate (in
luding prefa
tors)
i 
hara
teristi
 rate for the initial de
ay
s 
hara
teristi
 rate for the stret
hed exponential de
ay� (generalized, in
omplete) ��fun
tionH(r) Oseen tensorH?(r) transverse proje
tion of the Oseen tensor� bending modulusK osmoti
 
ompression moduluskB Boltzmann's 
onstantL 
ontour length,Le de
e
tion length, entanglement length`p persisten
e length� s
attering wavelength� 
uto� wave number for the e�e
tive medium� shear modulusn;m indi
es for the point s
atterers along the 
hainN number of point s
atterers along the 
hainq s
attering wave ve
torr(s) 
oordinates of a 
ontour element sr?(s) 
oordinates of 
ontour element s transverse to the average axisrk(s) � s 
oordinate of a 
ontour element s along the average axisÆr2?(t) free mean-square segment displa
ementÆr2?(�; t) 
on�ned mean-square segment displa
ementR2 mean-square end-to-end distan
eRg radius of gyrations 
ontour parameter, 
hemi
al distan
e from the endS(q) stati
 stru
ture fa
tor of a single 
hainS(q; t) 
oherent dynami
 stru
ture fa
tor of a single 
hainS
(q; t) 
olle
tive dynami
 stru
ture fa
tor of a solution� for
e 
oeÆ
ient of the tube potentialt timet tangent ve
tor
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 and Colloidal Systems�n mode relaxation time for a free 
hain� en mode relaxation time for a 
on�ned 
hain� e0 saturation time for undulations of a 
on�ned 
hain�l 
hara
teristi
 relaxation time for a transverse ex
itation of wavelength l�q 
rossover time between initial de
ay and tail regimeT absolute temperature!t;le 
hara
teristi
 relaxation rate of transverse/longitudinal 
olle
tive modes!� e�e
tive 
rossover rate from 
olle
tive modes to single polymer modes�h hydrodynami
 s
reening length�m mesh size�? fri
tion 
oeÆ
ient per length for transverse 
ontour undulations� fri
tion 
oeÆ
ient per volume of the e�e
tive medium
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