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with A. Coimbra, H. Triendl and D. Waldram ( [ arXiv:1407.7542] + in progress [CMW] )

with llarion Melnikov and Savdeep Sethi ( [arXiv:1403.4298] )



“If a person has lived through war, poverty and love, he has lived a full life” (O. Henry)

if not ... computing higher derivative terms is the closest you get

Higher-derivative terms
e Probe the stringy regime (o’ and genus expansion)
e Needed for consistency

e Important for applications

> The plan:
e more o’ (... from dualities)
e heterotic generalised geometry
e supersymmetric heterotic backgrounds

> Main equation (for this talk) - Heterotic Bianchi Identity :

/

A5 = %(trR2(Q+) —trF?) + O(a)

where o 1 : ,
R(Q:) = R(Q"“+oH) = R)EIdH +IHAH,  H®=H, " dz"



e Choice of connection in heterotic Bl

> tied to a choice of field redefinitions in the higher order curvature corrections to
supergravity

> manifest (0,1) world-sheet supersymmetry: covariant Hermitian space-time
metric G+ Q4 =QFC + IH
> (0,2) world-sheet SUSY likes Chern connection, but ... that requires G to pick

up non-trivial space-time Lorentz and gauge transformations (and o’ shifts in
susy transformations)

> (Narain) T-duality

e Lessons of o’ expansion:

> it is not physically correct to treat the heterotic space-time equations of motion,
truncated to include just the leading order o’ corrections, as a closed system

> simultaneously consider the o’ expansion for both the solution and the
equations of motion



|. Dualities and higher derivative couplings

T-duality - coord-independent O(n, n) transformation (perturbative symmetry) in a
background with n isometries v* leading to topology change. For type Il theories:

Correspondence space Y = X x;; X: i
& a circle bundle over X with first Chern class 7*(c1 (X))

o a circle bundle over X with first Chern class 7*(ci (X))(LyH =0 = d(wH) = 0)

T-duality:
m.H =ci(X) 7.H =c(X) c H*(M,7)



o Start with dH = 0 and ST s Xy

Evglo :OZEUHZ lﬁ de = *T (ﬁrUQZO)
Xog

H:ﬂ*hg—l—w*f/\e

o dhs=TAT=12[(T})?—(T-)?]

dH =0 = .
o d7I'=0

e T =T+T
e Locally H =dB =d(by + b1 Ae) = T=dby and hs=dby—b AT
e hs - invariant under T-duality (b, is not!)

e Note by — by +dAi + AT, b1 — b1 +d)g and hs IS gauge invariant



o Now turn to dH = & [tr R*(Qy) — tr F?]
denote X4(Qy, A) =trR2(Q4) —trF2 =" X, + m* X3 Ae
® ng =0

dX, =0 <~ ~ ~
o dXy—Xs5AT =0

If £,X" =0 =X X5 is exact: X3 = dX,

, o dH, = %Xg - T = 19 — %XQ
dH — %X4(Q_|_7A) ~ / ~ ~ ~
o dhy=2 Xy —XoAT|—TAT
82 ()Q ~ Xy A T) = R*P(w ) AR (wy) — 2R (wy) AT T Psed A e

+3(Vo T3 % + 5hy P T P s) (VT + 5hOT 7 )ed Aed Aef Aet
+0()—-FAF

e missing RF? and (VF)? terms
problems? e T, (“graviphoton”) terms - OK with SUSY, but ...O(n) vs. O(n,n+16)
® (Oé/)2 terms’? T_|_ =T+ }NIQ = T_|_ -+ %XQ



Computing on T™ vs R™ (generic point in moduli space)
e Apperance of couplings that vanish in decompactification limit
e 7" «+ Vi/Flwherei=1,---,n and I =1,---,2n+ 16

e V! is O(n,n+16)/0(n) x O(n + 16) (part of) coset element
o V={V, VL with a=1,---n+ 16
o Vi=1,+Vi(¢)

o T couplings start from 3-pt, the generic 7 - form 4-pt
e no (a')* terms
e Het/M-th duality: three-level BF? — (CGG)y; BRF? and B(DF)? w 777
Reduction of heterotic GS couplings
e (on K3 these give rise to GS couplings in 6d (1,0) theory ~ )
e on T" do not give rise to terms ~ o' but ...

e donotvanish! = 4, ...0, (BAXSS) #£0



Six-dimensional Heterotic/llA duality

D=11

D=10

D=6

het _ 2 ITA het __ 2o IIA _ ITA
OHe—€¢>I<H 9 g,ui_e¢g,ul/7 ¢__¢

o Het. Bl :dH3 = “(tr R —trF?) <« Type lEOM (< BA(F'AF/dr; —tr R?))
o BANF NF descends from11d Cs NGy NGy (dig = [peawr Awy)
o B AtrR? descends from 11d C3 A Xg(Q2-9)

e (), and the duality?



Heterotic effective action

e 'L =e??[R+40¢> — 5H,,, — 1a'tr F, + 10/ Ruuae (4 ) R (Q4)],

1
12 pvp

Dirac operator in the susy transformations has ¢ = () — %”H (similar to the sign flip in
the local expressions for index theorems for Dirac operation with £ QL€

1
R(Qy) = R(2+ 5H) = R(Q) + YdH + IHAH,  H® = H,"dz".
H has a non-trivial Bianchi identity

dH = 1/tr R(Q4) AR(Q4) — 3a/tr F A F.

The equations of motion (up to (o’)? terms) :

R—40¢* +40¢ — L H.,, — +a'trFo, 4+ 0/ Ruo (U )R (Q)) = 0,

Ry +2V V0 — iHMPUHVpJ N %O/tr FupF," + ia/RMpa(QnL)Rv/\pa(QJr) = 0,
dle™?*xH) = 0,

e2Pd(e™?* « Y+ AN«F —xFANA+FAxH = 0



Two (1, 1) supergravities in 6D:
o (1,1)pet: Non-trivial Bl and single Dirac operator
e (1,1))a: dH = 0 and two Dirac operators 0 + 24 — D4
Dualisation of dH = 1a/tr R(Q4) A R(Q4) + ... = 272/ [ Xy + Xy):
e X,(het) — X4(llA) (up to terms vanishing on-shell)
o X,(het) — CP-even terms in lIA
On |lA side: de??+x H+ o «T) = 2r2a' X,

e o/d x T comes from the variation of (one-loop) ese4R? and t,t, R? terms in 6D IIA
theory (lin. duality: H =0 = T—0 & X4— X4)

e CStermin (1,1))a : ~ o'By A X4
RMVPU(QJF)Q + E4(Q+)_|_4RMVPJ(Q+)HupaHuoa - 4RMV(Q+)H2MV
+2R(Q4)H? + 5(H*)? - 2[4

2e” ' 6LCp_gven

e Matched by 4-pt function calculation! NO O(«') corrections to 6d duality dictionary



Summary of type Il (o’)? couplings (10D):

No B

With B

e-0 %(tgél() + 610t8)BR4

< (tse1o + €10ts) BRY(Q4)

+ | = B A Xg(QN°) = 2t3e10B(RY(Q4) + RY(QL))
0-e | = srmmr BA (R — 1 (Ir R?)?) | = 3B A [Xs(Q4) + Xs(92-))]
= ox @ B A (Ir R — (tr R?)? + exact terms)
e-e | tgtgR? tetg R (Q4) = tstgs RY(Q_)

0-0 %610610R4

%610610 (R(Q+)4 + %HQR(Q+)3 + .- )

= s€10€10 (R(Q)* + SH?R(Q_ ) +--)

o Connection with torsion: Q ,** = Q,*# + 1 H,° (where H*F = H,*Pdz")

o Curvature: R(Qy) = R+ sdH + 1HAH

o New kinematic structures in 0-o0 sector




Couplings can be lifted to eleven dimensions

o All expressions even in H: H? — G? with an extra pair of summed indices

e lifting ambiguities: more terms in eleven dimensions than in ten

Reduction of heterotic GS couplings on T2 vs. reduction of C3 A X5 on K3

BAXSS(R,F) =

<&

&

(

\

] d]JKLMCLI/\dCLJ/\FK/\FL/\FL = 0
o dryx ' AN RSY A (F1)) AV (F1)y

o drjxFT AR ANRSENFI ANVEE 4 ...

N

/

’

= OAX3(Q,G)

0 for four-derivative terms at generic lattice I'; 19 points. Non-zero at enhancement
points < singular K3 surfaces

C3 A Xg cannot give rise to four derivative terms beyond C A tr R?
> RF?and (DF)? terms in heterotic Bl are matched by X3(Q, G)

drsx, drsx are computable on heterotic side

on M-theory involve integrals dependent on K3 metric (e.g. [ wi A w!, REWE )

C3 A Xg (92, G) gets fixed!



Il. Generalised geometry for heterotic strings

Generalised complex structure (GCG)

e GCG T :TOT* —ToT* (J?>=-1;, JIJ=1)
o Structure group: = U(3,3)

e GCS integrable: 7y [r_(v), 7—(w)|rie =0 — I [II_(X),II_(Y)]c = 0 with
Courant bracket:

v+ & wtn] = [o.wlie + { Lo = L€ = §dun — w6 |
(Courant closes on L 7 — the i-eigenbundles of J.)

e Closed B-transform (v, p1) +— eP(v1, p1) = (v1, p1 + 2, B) is an auto-morphism of
Courant : [e” (v1, p1), " (v2, p2)] = e”[(v1, p1), (v2, p2)]

e Twisting: d—d— HA, e = e + it H

e Replacing Lie bracket by Courant allows to extend Riemannian objects to
generalised objects (e.g. generalised connection)



Generalised tangent bundle :

0—T*M —FE -5 TM —0,

Sections of E:

v , B I 0 v v
X = — X =e 77X = —
§ —-B 1] \¢ §— 1B

e Note (v,&) — (v,& —1,dA)
e Couranton £ — twisted CourantonT & T*
OnLs® E(¢,gand B define S*(F) = Ly @ A®eneddT=pf):

e Courant does not define an unambiguous gen. Riemman but ...unique

A

Rab — Rab — %HacdeCd + QVQVbe + %62¢vc(6_2¢Hcab) and
R=R+4V2%¢—4(0¢)? — 5H? <+  LBT: SN%e¢=4(D"D, — D?)e

e The dynamics and supersymmetry transformations of type Il supergravity theories
are captured by a ( torsion-free) generalised connection



e o’ corrections to geometry

/ < Extensions of GTB
e HS(dH #0): = B— B+dA+ %d 'od ' X4(Q4, A)

Two simple ideas:
e Find an extended gen. tangent space with a closed 3-form! (Global data )

o Generalise U(1) fibration S! — X "+ M case:
>dH=00nX = dhy3=TAT=2%[(T})?2—(T-)*)]onM

> hg IS gauge invariant!

Generalised heterotic tangent space is built as a double fibration:

0O—g—>C—TM —0,

0O—T1T"M —F —C—70

¢ g is the adjoint bundle given a principle G-bundle
o Locally E~TM & T*M & g

o Obstruction: pi1(g) =0



gen. Lichnerowicz theorem (LBT) = effective actions (Local data)

e (gen.) Lichnerowicz theorem: (DD 4 — D?) e = |35 + v**“I4pcq]e (S tensoriall)

o Heterotic effective action: S = R+4V?¢ — 4(9¢)* — 5 H?—%-tr F2
% Iabcd = %V[aHbcd]—%/trﬁ[abﬁcd] =0

5¢a = Dae = VaE —|—%Habc’}/bc€ . _ _
| . — covariant derivative (A = {a, a})
0Ca = Do = —3gV 20 Fopa v le

o 0N=De= (V'Va+o5Hape 7" — 770,0) € — Dirac operator
Gravitational terms (obstruction to E) ?

<&

o take G — Ghune X O(n).... This splits E=C, & C, @ C_

o reduce the structure group of £ to O(n) x G x O(n) C O(d 4+ dim(g)) x O(n)
o ldentify O(n) € G with O(n) in C,.

> Works only for A = Q_ = w"¢ 131! (cf susy for 2_)

> Fortype ll G — O(n) x O(n) does NOT work

> Flip of the sign in O(’) effective actionwrt D, : O, — Q_ Il
o Runpg(27) = Rpgmn(F) = —12dH g



e All ordersin o':
> “gaugino” ¢, € I'(A*C. ® S(C_)) for “gauge group” O(n)
o 0Dy = %@R(Q_)aéalﬁ:e---- = Dgpe (7)
> ). - COMPOSite “gravitino curvature”
o 0hap = Dape + 2V (B/r FAF —tr R(Q7) A R(Q7)]apap) 720 — Dape

> Dgy — Dg inLBT = O(«?) modifications of susy

> (iterative) hierarchy of higher o’ corrections (consistent with GCQG)

e Lichnerowicz-Bismut theorem <«  Supersymmetry (Susy Ward identity)
> susy modifications due to gaugings:
o OV = A e dox=B-¢€
> susy Ward identity (for potential V):
o B'B-ATA=VI
¢ 10d theory views as a reduction to zero dimensions on a 10d manifold M.

global sym. group G < group of diffs and local O(d, d) x R™ gauge transf.
R-symmetry H < subgroup of local O(d) x O(d) gauge transf.

> GCG <« infinite-dimensional version of the embedding tensor formalism



lll. Torsional heterotic backgrounds

Conditions for supersymmetry (up to ~ O(a’)) on My x X :
e Internal space:
31

wgzzﬂ/\ﬁ, wAQ=0

space with trivial canonical bundle (SU (3) structure)

e dilaton:
d(e %w?) =0, d(e ?Q) =0

internal manifold is complex

o H-flux:
H=140-0w=0

e Gauge fields:
FAQ=0=FAQ, W AF =0

Hermitean YM

> Susy + Bianchi identity = solution



Solutions
o Leading (~ O(a’)) corrections to the geometry in CY compactifications

e Theorem: for 4d NV = 2 supersymmetry need internal CFT with with ¢ = 9 and
(0,4) susy + a pair of U(1)’s (¢ = 3 with (0, 2) susy)

>

>

T? fibration over hyper-Kahler base

Generic internal space for het. strings in A/ = 2 heterotic/type Il duality (not

T2 x K3)

the target-space necessarily has string-scale cycles; flux solutions do not have
a 10d large radius limit, they do have an eight-dimensional large radius limit
Duality Het/M x T? vs. F theory/M x K3, :

o eight-dimensional theory (min. susy) with O(2, 18,7Z) symmetry

o Non-trivial G4, = nontrivial T? — X "5 M

o Gy =0for X =T* so X only be K3

o F-theory: G4 =~v A+ (yand +' - (1,1) primitive forms on M and K3.)

Gy=7y A7y +Q x Q) +c.c.only N =1 susy is preserved

¢ eight-dimensional graviphotons are affected!
o deformations of C.S. in N/ = 2 case either preserve all susy or break all susy



T? — X — K3
e on the K3 base
w§ = %QOQO , woQp = Q% =0
(wo, 9, .A) - Calabi-Yau structure

e On X:

wWx = €2¢W0 + %@@ ; Ox = €2¢\/aﬂo@ , F =n"0A
o F=F'+iF?(dO®" =r*(F"), F'? ¢ H*(M,2n7)) must satisfy:
wo AN F =0 Qo NF =0
o Curvature of T? bundle:
F=F+F', FecH" (M), F' ¢ H*°(M)

> supersymmetry:
F'=0 (i.e. QAF =0) N =2 (only left symmetries broken)
F'#+0 N =1 (broken right (susy!) symmetries)



o H-flux:
H = i(8 — 8wy = iwo(d — 0)e? + g(ﬁf _ e+ g(F’ ~ F)®

= Hhor + HO' = Hpor +a(F7° + F}? — FHO!

> N = 2 solution: H = Hpo — 2(II)' F)O — 2(11"' F)©

e Quantisationof a <« disconnection between N = 2 and N = 1 flux vacua:
> C.S. deformation of F = F € H'''(M) can generate F’ € H*°(M)

> can relate N' =2 and NV = 1 backgrounds via deformation?!?!

Hget = (Hhor)det — 5 (11 FHIIZOF)O — S(II FHIT)2F)O
Hios = o — 3(THF T29F)O — 3(THF 10276

> cf
a
2

> variation of complex structure of A/ = 2 solution either breaks or preserves ALL
supersymmetry

e The area of T? a is quantised in units of o’

> resolves 2 problems... need to turn to Bianchi ldentity



Heterotic Bl and connections with torsion

Fu and Yau showed existence of solutions to susy equations with H flux and BI:

/

dHs = 2i00wyx = %(trRQ(EChem) ~tr F?)

> Chern (canonical Hermitean) connection on complex manifolds:

e (B0 _ [dPaaag 0
0 x5 0 dzxgw,wm

@®! When connection is Chern, both sides of the Bl are (2, 2) forms

> Curvature two-form for the connection with torsion (2, = X + T):

ox —TT OT —XT 0 OT —TY

R, = _ _ _ I e o = R1,1) + R2,0) + R0,2)
or —XT 00X —-TT or — XT 0

Ol R0y #O0for I/ # 0 (F' = F29)) problems for A/ = 1 solution

oll To satisfy EOM O(/) two-form R needs to satisfy HYM. R(X) does not!



T? area a is quantised in units of o/

e Bianchi Identity

/
] ] - 4
2i09e**wy + adF'© + adF' = O‘Z trR2 —tr F2 + —(FF — F'F')| + O(a”)
8%
> Fora~ ' all solved by

o F' = )\Qgfor A\ = const
e OF =0

OF' =0 =

> ¢p=a/f/4 = 00f=31[trRZ —trF?+ B(FF—-F'F)]+0()
> In N = 2 case, Q. is horizontal. No o’ expansion of dilaton is needed. Direct
map to Fu-Yau solution (higher o’ vanish for N’ = 2 ?)

e HYM for R,
> R(g,o) ~ O(Cl{/) prOVided 0F =0
> Canshow  w}( ARV ' =2OAOAwyARY = 0(a?)

Generalise to dual pairs incl. non-geometric backgrounds. 3d theories without 4d lift...



Some open questions:

e Tests of 10 and 11-d couplings:
> fixing the ambiguities
> higher orders in o/
> susy transformations

> LBT = general formalism for susy theories (with o) corrections (?)

e Lower dimensions and less supersymmetry:

> recent progress in construction of four-dimensional A/ = 2 higher-derivative
terms

> Implications for consistency (swampland)
> subleading terms in AdS/CFT

e Construction of generic /' = 1 heterotic flux backgrounds

*x Can generalised geometry capture the systematics of the string (perturbation)
theory?

* More news from old dualities?



