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Abstract

In this thesis, we outline scattering theory for quasi particles in quantum spin sys-
tems. Following the Haag-Ruelle approach from algebraic quantum field theory we
construct asymptotic scattering states, discuss their properties and define the S-
matrix. Finally we develop the LSZ reduction formula for general lattice systems,
which might in the future be used to prove non-triviality of the S-matrix in some
concrete settings such as the Ising model. Furthermore we explore the possibility of
using path integrals on coherent states to describe time evolution in spin systems.

Declaration of Authorship

I hereby declare that the thesis submitted is my own unaided work. All direct or
indirect sources used are acknowledged as references. This work was not previously
presented to another examination board and has not been published.

Munich, March 13, 2017






Contents

Introduction
1 Algebraic Setup

2 Haag-Ruelle Scattering Theory in QFT
2.1 Haag-Kastler Axioms . . . . . . .. .. ... ... ... ........
2.2 Almost Local Observables and EM Transfer . . . . ... ... .. ..
2.3 Construction of Asymptotic States . . . . . . . . ... ...
2.4  Scattering Matrix and LSZ Reduction . . . . . . ... ... ... ...

3 Lattice Systems
3.1 Quasi-Local Algebra and the Global Dynamics . . . . . . .. ... ..
3.2 Vacuum Representation . . . . . .. ... ... ... ... ...,
3.3 Almost Local Operators . . . . . ... .. ... ... ... ......
3.4 Construction of Asymptotic States . . . . . . . ... ... ... ..
3.5 Scattering Matrix and LSZ Reduction . . . . . . . .. ... ... ...
3.6 The Problem with Perturbation Theory . . . . . . .. ... ... ...

4 Path Integrals and Semi-Classics
4.1 Coherent States . . . . . . . . ...
4.2 Time Evolution and Operators . . . . . . . . .. .. ... ... ....
4.3 Path Integral Expressions . . . . . . .. . ... .. ... .. ...
4.4 Remarks on the Measure . . . . . . . ... ... ... ... ...
4.5 Semi-Classical Analysis using Euler-Lagrange . . . . . ... .. ...

5 Example: The Ising model
5.1 Definition and Global Dynamics . . . . . . . . ... . ... ... ...
5.2 Free Ising Model . . . . . . . ... ...
5.3 Interacting Ising Model . . . . . . . . ... . Lo

Outlook

Index

25
25
30
32
33
35
41

43
43
46
47
50
51

53
53
54
25

57

57






Introduction 1

Introduction

For a long time quantum field theory has been one of the two major pillars of fun-
damental physics (the other one being general relativity). Its major incarnations,
QED and QCD, have been validated in countless experiments. But from a mathe-
matical point of view, the situation remains quite unsatisfactory, because these field
theories are plagued by divergences, such that the naive results obtained are infinite
more often than not. This is typically remedied by a variety of renormalization and
regularization schemes which produce finite results for physical quantities. These
results are in great agreement with experimental data but mathematically they are
mostly not well defined and often look more like an ad hoc solution to “just subtract
the infinite term and use the remaining part”.

In the sixties, R. Haag and D. Kastler [13] tried to improve this situation by starting
from a few mathematical axioms for their local quantum field theory, and derive the
rest of the theory in a mathematical rigorous way. But even though many results
from ordinary quantum field theory can be translated into this rigorous framework,
it is still an open problem to find a formulation of a real physical theory (like QED
or QCD) in terms of Haag-Kastler axioms. In fact, all models of the framework
analyzed so far have either been non-interacting, or only possible in a non-physical
1 or 2 dimensional world.

A major problem with rigorous construction of QFT models in physical space-time
are so called ultraviolet divergences. These are infinities introduced by considering
arbitrarily small distances (or equivalently high energies). The usual way to han-
dle this is to introduce a UV-cutoff: Simply constrict the relevant integrals by an
unphysical lower bound on the distances and try to take this limit to zero after
all other calculations are done. In a mathematically rigorous setting we can not
do this (as it boils down to incorrectly swapping the order of limits and integrals),
but we can introduce a minimal distance right from the axiomatic start. Instead of
modeling space as continuous R®, we use Z3 and imagine the spacing between the
discrete sites as small.

Of course such a lattice system will not be a satisfactory fundamental theory of the
real world. In particular because there can’t be Lorentz invariance in a rectangular
grid. But we can still hope to find a model in physical space-time dimension and
prove rigorously the non-triviality of the scattering matrix. Then this might give
us some hints as to how to find a good model for the actual continuous framework.
Recently it was shown that at least in some cases, a quantum spin system satisfying
Lieb-Robinson bounds is sufficient to establish scattering states and define the S-
matrix. [4] This thesis is heavily motivated by that progress.

One useful tool for actually computing the scattering matrix is the so called “LSZ
reduction formula”, named after H. Lehmann, K. Symanzik and W. Zimmermann
[15]. It expresses the amplitude of a scattering process as vacuum expectation values
of time-ordered products of certain observables. And in a concrete model these
correlation functions are often computable, at least perturbatively. In this thesis we
develop such a reduction formula for the lattice framework (theorem 3.25), which
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in the end looks very similar to the long known continuous case. Though actually
evaluating the formula turns out to be a challenge because there is a non-trivial
dispersion relation coming into play, and also because a perturbative approach is
not possible in a straightforward manner (see discussion in section 3.6). Therefore
we are looking for alternatives.

A common way to express expectation values of time-ordered products of operators
are path-integrals. In [6], rigorous path-integral formulas are derived for a single
spin. In this thesis, we heuristically derive a similar formula for spin systems. This
is achieved by replacing the discrete set of spin-states |—1/2), |+1/2) with the con-
tinuous set of “coherent states” |z) with z € C. This enables expression like

Conjecture (4.5). The time evolution of coherent states can be written as

e = [ DaErew (=i [ artGm.am) o

2(t) =27 0

with

. szx szw
L(z,z h(z,z) + is . 2
(.4) = DI i )

which looks roughly familiar to the path-integral expressions from ordinary QFT.
But there are critical differences in L which takes the role of a Lagrangian even
though it is not the result of a Legendre transformation but comes out of the defini-
tion of the (non-orthogonal) coherent states. Furthermore actually computing this
expression is a challenge, mostly because this is not a Gaussian integral. At the
very least, the expression of L can be used in a stationary phase method to get a
semi-classical approximation of the spin system, which is interesting in its own right.

Overview

In chapter one, we lay out briefly the mathematical background needed for an alge-
braic approach to quantum theories. That is we introduce C*-Algebras with their
states and representations and state some central results from their mathematical
theory. In chapter two we introduce the Haag-Kastler framework of algebraic quan-
tum field theory and discuss scattering theory and the LSZ reduction formula in
that framework. Chapter three finally sets up a general framework for lattice sys-
tems and then tries to repeat everything from chapter two in this new setting. This
culminates in the LSZ reduction formula for lattice systems, which is a new result
of this thesis.

Chapter four on path integrals for quantum spin systems is not mathematically
rigorous as everything before. It is more of a exploratory study on how to formulate
path integrals for spin systems which might help in evaluating formulas such as
the LSZ in concrete models. Lastly chapter five is on the Ising model and how to
integrate it into our framework as a basic example.
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1 Algebraic Setup

Usually, quantum theories are formulated using two mathematical constructs. First,
we have a Hilbert space which contains the possible states of the system. Second,
one needs to consider operators acting on this Hilbert space. In particular, self-
adjoint operators correspond to physical observables, as those precisely lead to real
(as in “non complex”) measurements. The idea of the “algebraic approach” is, to
turn this around. l.e. we start with the observables (or more precisely the algebra
they are contained in), and only later consider possible states (which as a whole do
not need to form a Hilbert space anymore). In and of itself, the operators we mostly
want to consider form a C*-algebra, the basic theory of which we will lay out in this
chapter. All of this can be found in standard literature like [21].

Definition 1.1 (C* Algebra). A (complex) C*-Algebra is a Banach Algebra A to-
gether with a anti-linear, anti-multiplicative, involutive map * : A — A such that
for allae A it is

la*all = [la]l? (3)

The prime example of such an algebra is the space of bounded operators on a Hilbert
space B(H). Therefore the algebra B(H) (and sub-algebras thereof) are sometimes
called “concrete C*-algebras”, in contrast to “abstract C*-Algebras” defined purely
by their axioms.

Definition 1.2 (States). Let A be a C*-Algebra.

1. A state is a linear functional w : A — C such that |w|| = 1 and w(a*a) = 0

for all a € A.

2. The set of all states is denoted as S(A) < A*. It is convex and weak-*-compact,
iff A contains a unit.

3. For any representation m of A, we can build states using density matrices, i.e.
Sr(A) ={a—tr(pa) | 0< p=p" <1 and tr(p) =1} < S(A) (4)
Definition 1.3 (*-Representations). A representation of the C*-Algebra A is a *-
homomorphism 7 : A — B(H).
1. 7 is unital if A contains an identity and w(1) =1
2. 7 is non-degenerate if m(a)v =0Vae A= v =10
3. m is faithful if it is injective.

4. m is cyclic if there is a vector 1 € H such that m(A)Y < H is dense.
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5. A subspace H' = H is called invariant if for any operator a € H, it is w(a)H' <

H.

6. m is irreducible if for any closed subspace H' < H which is closed under the
action of w(A), it

Note that any representation can be split into the direct sum of a non-degenerate
representation and a trivial zero-representation. Furthermore, any non-degenerate
representation is unital

Lemma 1.4. Let A be a C*Algebra, a,b € A, w be a state, 7 : A — B(H) a
representation.

1. There is a net of elements 0 < 1,, < 1 such that lim 1,a = limal, = a

2. w(a*) = w(a)

3. Cauchy-Schwarz-Inequality: |w(a*b)|? < w(a*a)w(b*b)

4. The representation is contracting (and thus continuous): ||m(a)|| < ||all
Theorem 1.5 (GNS construction). For any state w on a C*-Algebra A, there is a

Hilbert space H, a representation m : A — B(H) and a vector (2 € H such that for
allae A

w(a) = (L2m(a)2) . (5)

Definition 1.6 (W* Algebra). A C* Algebra A is a W* Algebra (or von Neumann
Algebra) if, when viewed as a Banach space, it it the dual of some other Banach
space, which is called the predual of A, written as As.

Theorem 1.7 (Von Neumann Bicommutant Theorem). Let A < B(H) be a unital
*_Algebra. Then the closure of A in weak and strong topology is equal to A”.

Theorem 1.8 (by Sakai [21]). Let A < B(H) be a C*-Algebra of bounded operators
on a Hilbert space. Then A is a W*-Algebra if and only if 1 € A and A" = A.

Example 1.9. B(H) itself is a W*-Algebra. Its predual consists of the trace class
operators p € S1(H) with the prescription

lplls, = tr([pl) (6)
p(A) =tr(pA) VAe A (7)

Note that the dual of B(H) is strictly larger than its predual.
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2 Haag-Ruelle Scattering Theory in QFT

2.1 Haag-Kastler Axioms

In this work we will use the so called algebraic approach to local quantum field theory.
Two things in this description need explanation. First, “algebraic approach” means
that we start with the observables of the system we wish to study, and not - as is
common in conventional quantum mechanics - with the states of the system. And
these observables should be part of a x-algebra. States only enter the picture in the
second step as a dual space, or even later when we choose specific representations
of the abstract algebra. One advantage of this approach is that all observables are
bounded operators, which is a technical simplification. Some unbounded operators
will be discussed, but only as part of a representation on some concrete Hilbert
space. They are not part of the actual observable algebra.

The second term that should be explained is “local”. This means we do not attempt
to describe observables located in the whole infinite space-time. Instead we start at
bounded sub-regions of space time, and consider operators which are in some sense
located in that region. And even if one takes the limit of such operators located
in increasingly large regions, it is not possible to construct truly global operators.
Their influence at space-time points outside some region will always be small in a
sufficiently strong sense. Now we will formalize this idea of local operator algebras.

Definition 2.1 (Haag-Kastler Net). Let
1. A be a C*-Algebra

2. A(O) c A be a W*-algebra for any open, bounded region of space-time O <
Rd+1

3. a group of automorphisms isomorphic to the connected part of the Poincaré
group o : Py — Aut A

This is called a Haag-Kastler net if the following conditions are met

1. Isotony: If we have two space-time regions, one inside the other, the algebra
of the smaller region should be contained in that of the larger one. ILe. if

O1 < O < R it should be A(O1) = A(O3)

2. Totality: The whole algebra is simply the completion (in norm topology) of all
local algebras:

A= Age

where

Aloc = UA(O)
@

is the (incomplete) algebra of strictly local observables.
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3. Locality: If the two regions O, Oy < R¥1 are separated by space-like distances,
their local algebras should commute, i.e.

[A(O1), A(O2)] = {0}
4. Covariance: The automorphism o should respect the local structure of algebras.

ag(A(0)) = A(g - O)

Note that it is actually possible to start with only the local algebras, and take the
axiom of totality as the definition of the whole observable algebra, in the sense
of an inductive limit of C*-algebras. Secondly note that we do mot require the
whole algebra to be W*. If we did that (by taking a weak closure for example),
the algebra would contain many more non-local elements, which our goal was to
avoid. Requiring norm-closedness by the definition of a C*-algebra is in this sense
a compromise between nice mathematical properties of A and its “localness”.

Now the main tool to study such an algebra are representations. This is the first
step to get from an abstract observable algebra to much more concrete and familiar
physical objects. We will be using the usual convention in relativistic theories to
denote d-dimensional spatial vectors with in boldface, and d + 1-dimensional vectors
in normal font, i.e. x = (¢, x) for position and p = (F, p) for energy-momentum.

Definition 2.2 (Vacuum representation). Let (A, «) be a Haag-Kastler net. A rep-
resentation m : A — B(H) is called vacuum representation if « is unitarily and
strongly continuously implemented with translation generators H and Py ... Py. These
generators commute, so we can define their joint spectrum Sp(H, P), which will be
called “EM spectrum” from now on. Furthermore we assume

1. Stability: The EM spectrum is contained inside the future light cone Vi =
{(B,p) eR™ | E = [|p|}.

2. Uniqueness of vacuum: There is a unique (up to a phase factor) translation
mwvariant unit vector, called the vacuum (2 € H.

3. Irreducibility: m is an irreducible representation.

In order to define one-particle states and corresponding creation operators (see def-
inition 2.12), we will also need the following assumption.

4 Mass Shell: The EM spectrum can be written as a disjoint union of three closed
sets Sp(H, P) = {0} u Hy,, U G where

e 0 is an isolated eigenvalue (corresponding to the vacuum §2)

e H,, is the graph of the dispersion relation w(p) = A/P% + m? with m > 0.

o G is a subset of {(E,p) | E = +/P? + (2m)?}
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Figure 1: the EM spectrum

Note that the form of the dispersion relation is actually already fixed by the prop-
erties of the Poincaré group. Though a general theory may contain more than one
mass-shell with different m.

It is well possible to study the “massless” m = 0 case [10], but then the mass-
shell H,, is separated from neither the vacuum nor the “multi-particle” spectrum
G, which makes the construction of creation operators somewhat harder [8].

2.2 Almost Local Observables and EM Transfer

Definition 2.3 (translation and smearing of operators). Let B € A be an observable
and f € S(RY) be a Schwartz function. Then we can define the smeared operator

B(f) s
B() = [ d"af(e)Bo) e A ®
with B(x) = ay(B) (9)

understanding that the integral only converges in weak topology.

Lemma 2.4. For any observable B € A and function f € §(R4Y), it is B(f) € A.

Proof. Let B' € Ajp. and f’ € C§° such that ||B — B'|| < eand ||f — f'||1 < e The
local algebras are weakly-closed (von Neumann bicommutant theorem), so B'(f') €
Ajoe. Furthermore we can estimate

|8 = BW|| < |[B() =BG + B! - B (10)
<8I~ £l + 151 )|B - B (11)
< const - €, (12)

so B(f) € A by norm-closedness of the whole algebra A. |



8 2 Haag-Ruelle Scattering Theory in QF'T

Now that we know how to convolute (or “smear”) an operator with a function, we
are tempted to do some Fourier transform by trying to compute expressions like
B(e ). The problem is that this operation transforms a strictly local operator
into a global one, which we do not want. Therefore we will introduce an algebra
of “almost-local” operators, which lies between A and A;,., which is closed under
smearing with Schwartz functions. Note that this is a very similar situation to
basic analysis, where we note that the Fourier transform of a function with compact
support will never have compact support. Therefore the class of Schwartz functions
is introduced as a compromise between compact support and arbitrary support.

Definition 2.5 (Region Extension). Let O < Rl be a region of space-time. Then
for any r € R we define the extended region O") gs

O = {zeR | d(z,0) < r}

Definition 2.6 (Almost local observables). B € A is almost-local if for some open,
bounded region of space-time O there is a sequence B, € A(O)) such that

|Br — Bl € O(r—*) (13)
where O(r=*) means decreasing faster than any polynomial in r.

This definition means that the localization region of an almost-local observable might
be unbounded, but its influence at distant points decreases rapidly. This is very
similar to the decay-properties of Schwartz functions. In fact this new algebra of
almost local observables is closed under convolution with Schwartz functions (which
Ajoe was not), and the commutator of space-like separated observables decays faster
than is the case for arbitrary operators from A:

Lemma 2.7. Let B,C € A,_joc. Then
1. ag(B) € Ay—ioc for any g € Py in the Poincaré group.
2. B(f) € Aq_ioc for any Schwartz function f € S(Rd+1).
3. I[B,C(tz)]|| € O(t=®) if x € R is a space-like vector.

Proof. ad (1): trivial

ad (2): As f is a Schwartz function, we can take a sequence of functions f, € S(R?+1)
such that f, is supported in a ball of radius r, and || f, — f]|1 € O(r~®).

Then for any B, € A(O™) it is B,(f,) € A(O?")), and we can estimate

1B (fr) = BUOI < 1Br(fr) = Br(DIl + 1B-(f) = B (14)

<
<IBMIfe — Fn + 1F151B; ~ Bl € OG=*)  (15)

Note in particular that B, converges to B in norm, so in particular || B,|| is bounded
by some number independent of r.
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ad (3): We can estimate
I[B, C ()]l < [I[Br, Cr(t)]]| + O(r™™). (16)

Now choose r = et with constant € > 0 so small that the (anti-)commutator vanishes
completely. |

Definition 2.8 (Arveson spectrum). The energy-momentum transfer of an operator

BeAis
Sppa = supp B (17)
. dd+1x )
where B(p) = J(ZW)(T)/ZGZIMB(@ (18)

is the inverse Fourier transform of B(z). Note that B is only defined as a distribu-
tion.

Theorem 2.9 (EM transfer relation). Let E be the spectral projection of (H, P) and
A < Sp(H, P) be a measurable subset of the EM spectrum. Then

BE(A) = E(A+ Spgpa)BE(A)
which is equivalent to saying that for any vector 1 € E(A)H, it holds
By e E(A+ Sppa)H

Proof. See [3]. |

It is worth noting that the EM spectrum of a strictly local observable will always
be unbounded, which makes the transfer relation useless for such operators. This is
the reason we had to introduce the almost-local observables.

2.3 Construction of Asymptotic States

In this section we construct so called asymptotic states, which should be understood
as scattering states. We do this by using the special form of the EM spectrum to
define creation and annihilation operators, which then allow to define n-particle
states. In this setting this is called Haag-Ruelle scattering theory [12][20].

Definition 2.10 (Wave-Packets). Let g € Ci°(RY) be a smooth function with compact
support. Then the following solution to the Klein-Gordon equation (I + m?)g = 0
18 called a wave-packet.

d
@) = [ Gobitp)exp(—iv(p)t +ip- ) (19)
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We define its velocity support as

V(g) = {Vw(p) | p € supp(9)}- (20)

At first sight the definition of the velocity support might seem arbitrary, but it
can be easily explained: With the usual relativistic dispersion relation, we have
VA/p2+m?2 = \/L which is precisely the velocity of a relativistic particle with

p2 +m2

momentum p. In the quantum field theory setting we are interested in here, a wave-
packet can not be expected to have a sharply defined velocity. For that reason we
are talking about velocity support here as a range of velocities that occur inside the
wave packet g;.

The following lemma makes precise the idea of a finite propagation speed of such
packets, which further justifies the interpretation of V(g) as velocity.

Lemma 2.11. Let g; be a wave-packet velocity support V(g). Let Xy (4) be an smooth
approzimate characteristic function of V(G) < R%. Le. let x be 1 in the region V(g),
and zero outside of a slightly larger open set. Then

| a0 = xvig@/ate)]| < o),
i.e. outside of the spatial region t - V(g), the wave-function g; is small.

Proof. See [19, corollary to theorem XI.14]. [ |

Now we are ready to define creation operators. The goal here is, that applying a
creation operator to the vacuum should result in a one-particle state. L.e. B*(2 e
Hi = E(H,,)H. Using the EM transfer relation 2.9, this can be accomplished simply
by putting conditions on the Arveson spectrum of B*.

Definition 2.12 (Creation Operators). An almost local observable B* € A, _joc is
called a creation operator if

1. Its Arveson spectrum is compact and lies inside the forward light cone Sppxa <

Vi

2. This spectrum only intersect with the mass-shell, not with the other parts of
the EM spectrum. l.e. Sppxa n Sp(H, P) < Hp,.

If we additionally have a wave-packet g;, we call the convoluted operator Bf(g:) a
Haag-Ruelle creation operator. Note that it depends on a time-parameter t. The
convolution with g; s only spatial, i.e. d-dimensional.

Lastly an annihilation operator is simply defined as the adjoint of a creation oper-
ator. As these are all bounded operators, there are no questions about domains and
such.
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Example 2.13. One way to explicitly construct a HR creation operator is to start
from an arbitrary strictly local operator B§ € Ajoe and convolute it with a Schwartz
function f e S(RYY). We can calculate

—_— d+1, gd+1

B = | Gy < S Bita - o)
d+1l, d+1

:Jd@w)(Tdﬂwy eI f (y) By (x) (22)

- [ dts e ) By(a) (23)

= (2m) V2 f(p) By (p) (24)

O %

So by choosing f such thatf has compact support around the mass shell, B* = Bj(f)
will have the desired Arveson spectrum, and according to lemma 2.7 it is almost local.
Note however that in order to get something non-trivial (i.e. B*{2 # 0), we need to
start from a sufficiently non-trivial By

Note that using this construction, an actual creation operator B (g;) includes two
convolutions. One with f € S(R¥1) and one with g, € S(R?).

Lemma 2.14. Let B} (g¢), Cf(fi), Dj(ht) be a creation operator. Then

1. The action on the vacuum is independent of t:

oe(Bi (9¢)12) = 0 (25)

2. If the velocity supports V(f) and V(g) are disjoint (and V(h) is arbitrary),
the following commutators vanish asymptotically:

1B (90), CF (flll € O™) (26)
118 (92), [CF (f2), D (ha) 11| € O@™) (27)
1108y (92), C¢ (fe)]ll € O(™) (28)

These bounds stay valid if some or all of the creation operators are replaced
with annihilation operators.

3. The adjoint of a creation operator annihilates the vacuum (so calling it an
annihilation operator is justified):

Bi(g)2 =0 (29)

(The bar simply denotes complex conjugation here)
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4. Acting with both a creation and an annihilation operator on the vacuum results
again in a multiple of the vacuum state

Bi(gt)Cf (fe)§2 = 0202\ Be(g¢) Cf (f2)]42) (30)

Proof. ad (1):

OB ()2 = 01 f Iz gt<m>Bz‘<az>9 (31)

—6tfdd J d/2g p) exp(—iw(p)t +ip - x)U(t,x)B* (2 (32)
= 0,2m)¥%§(P) exp(—iw(P)t + iP - x)U(t,z) B* 2 (33)
— 2m)Y%§(P) exp(—iw(P)t + iP - 2)U(t, x)(—iw(P) + iH)B*2 (34)

Now B*2 € E(Hy,)H, so w(P)B*{2 = HB*(2, so the expression vanishes.
ad (2):

1By (90), C (flll = H” d'z d'y gi(@) fi(y) [B*(t.x),C*(t,y)] ‘ (35)

< j j dlz dly |gi(@)||fi(w)| |[B @), C*@)]|  (36)

Now let £ € N be arbitrary. Then by almost-locality of B* and C*, there is a
constant ¢ (independent of ) such that

1[B5 (gt), C¢ (fo)ll fjddw dy |gi(x)|| fi(y)| W (37)

- ik [ty at oo )| (59

Now let V(g) and V(f) be disjoint open sets that contain the velocity supports

V(g) and V(f). By lemma 2.11, we know that for v ¢ V(g), the integral vanishes
as O(t~%), and similarly for w ¢ V(f). Thus we can estimate

1053 00, N < 274 [t [t laon) L] o + 06

V(g
(39)
Ck 2d—k dy o v w —0
ST T Jig ™ Mo el + 067
(40)
Cngtul”ft”l t—k +O(t—00) _ O(t—k) (41)

 dist(V(9), V()

As k was arbitrary, this proves the first asymptotic bound.
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For the second equation split h = hy + hg, such that V(h) is disjoint from V' (g)
and V' (hg) is disjoint from V(f), Then you can use the Jacobi identity to split the
double-commutator into two. Using the previous bound twice, the second bound
follows.

For the third equation we can write

0:Bi(gt) = Bi(31) + Bi(gr) (42)

And note that ¢; is again a KG-solution, and B* is again a creation operator.
Therefore both term are HR-creation operators and we can use (2).

ad (3): This is a direct result of the EM transfer relation (lemma 2.9): Sppa =
—Spp=a, so the Arveson spectrum of an annihilation operator is contained in the
past light cone. And by assumption, the EM spectrum is fully contained in the
future light-cone.

ad (4): Again, this follows directly from the transfer relation and the specific form
of the EM spectrum. [

Definition 2.15 (In-/Outgoing states). For one particle states 1; = B} ,(gi)f2, we
define the asymptotic outgoing n-particle state as

wl Xout + -+ Xout % = }E& BT,t(Ql,t) s B:L,t(gn,t)() (43)
and similarly the asymptotic ingoing state

Y1 Xin - .. Xip Yp = tEr—noo Bf,t(glyt) e B:L,t(gn,t)g (44)

In order for this notation to make sense we need to verify:
1. The limit converges.
2. It s symmetric under permutation.
3. It does not depend on B or g;, but only on ;.

Proof. We will only consider the outgoing states now, as the ingoing are completely
analogous.

ad (1): We define ¥; = BT ,(g1,t) - .- By, ;(gnt){2 and show that the derivative w.r.t.
to t goes to 0 sufficiently fast so that the limit must exist

oy = > Bt i(g10) - (0B} 1(9st) - - Bis y(gn,0) 92 (45)
7
Z 2 t(g1e) - [(0eBy 1 (9r,t)), Bi(gi)] - - - By ¢(gn,e) 2 (46)
k=1i=k+
Z 1(91.t) - - By 1(gn.t) (Ot By 1 (gr.0)) 2 (47)

=0
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Now the commutators go to zero sufficiently fast (lemma 2.14) so that we can esti-

mate
o] < Z Z HBltglt H H[(ath,t@k,t)) zt(glt || ||Bnt9nt)|| (48)
E=lizhi1® cO(14/2) cO(t—) cO(t4/2)
e Ot 22N O(t™*) = O(t™) (49)
i#]

L.e. the derivative 0;¥; tends to zero faster than any polynomial. This implies the
existence of the ¢ — oo limit by the Cook’s method.

ad (2): By 2.14, the creation operators B; ,(gx,) commute in the limit ¢ — oo.

ad (3): By equation (25) the parameter ¢ in the right-most creation operator is
irrelevant, so clearly the asymptotic state can only depend on v, and not on B
and g,. But according to (2) the whole expression is symmetric under permutation,
so it cannot depend on any BJ or g;, but only on the one particle states 1);. [

The next step now is to analyze the structure of these asymptotic states. In partic-
ular, we need to compute the scalar product between two ingoing (or two outgoing)
states, which will establish a Fock space structure. This enables us to define the
wave operators and finally the scattering operator.

Lemma 2.16. Let B'] (914),- ., B +(gy4) be creation operators and By(gt) an an-
nihilation operator. Let the veloczty supports of V(g}) be disjoint and V (g) arbitrary.
Then

tl}{{looBt(gt)Bllt(glt) Blnt(gnt)m> (50)
=tggloo2B’itwi,t)..'B'z,xgk,t) B’ (9, 12X QB3 By (512> (51)

where the big hat denotes omission of the k’th creation operator.

Proof. We simply start at the left hand side and move the annihilation operator all
the way to the right, introducing a bunch of commutators

l.h.s. = lim Z Bll it (%1 t [ Bra(g,e), B/Z,t(gfg,t)] B/n (G t)!9> (52)

t—+o0

These commutators now can be moved all the way to the right, without introducing
new double-commutators, as those vanish in the ¢ — +o0o limit according to lemma
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2.14.2. Secondly, we can use lemma 2.14.3 and 2.14.4 to compute

n
Lh.s. = tEIJPOO Z B/T,t(gi,t) e B/;,t(géf,t)[BLt(th), B/Z,t(g];,t)]|0> (53)
T k=1
= tEToo Z B/it(gll,t) S B/;,t(giz,t)Bl,t(gl,t)B/Z,t(gllg,t)|Q> (54)
T k=1
n/
= lim Bll,t(gi,t) e B/n,t(g%,t)‘Q><~Q‘Bl,t(!jl,t)B/k,t(g;c,t)|Q> (55)

Corollary 2.17. The scalar product between two outgoing (or two ingoing) states can
be reduced to the scalar product between their respective one-particle states. (This
motivates calling them asymptotically free).

<77D1 Xout -+ - Xout @Zjnw/l Xout - -+ Xout ¢%/> = Onn Z 1_[ <wz|¢7r(z)> (56)

Proof. First assume n = n/ and write the scalar product of states using their creation
operators:

(wlo') = Jlim (Q|Bnp(Gng) - - Bra(@ua) B 1(dh) - - Bpilgn )2y (57)

Now we simply use lemma 2.16 to get rid of the right most annihilation operator
Bi1. By induction we arrive at the right hand side expression.

If on the other hand n # n/, we will at some point encounter a vacuum expectation
value of only creation- or only annihilation operators, which is zero. |

Definition 2.18 (Asymptotic Completeness). A model is called asymptotically com-
plete if the in/out-going n-particle states are dense in the whole state space.

Note that while it is relatively easy to show that the one particle states B; (g¢){?
are dense in the one particle Hilbert space, there are only very few models which
are known to be asymptotically complete even in the multi-particle space[11]. This
might be a desirable property because it means that the whole structure of the
model can be understood by the scattering matrix (which will be defined in the
next chapter).

2.4 Scattering Matrix and LSZ Reduction

The goal of finding asymptotic ingoing and outgoing states was of course not to
establish their respective structure (which is trivial as we just proved), but to analyze
the interaction between ingoing and outgoing states. This idea is captured in the
scattering matrix.
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Definition 2.19 (Scattering matrix). Let 11, ...,¢, and ¥, ... ¢, be one-particle
states. Then the scattering matrix element

5(¢1,---,¢n;¢1,---,%/) = <¢1 Xout - -+ Xout wn}@bi Xin -+ Xin wvlm’> (58)

describes the amplitude of an n' to n particle scattering process.

Remark 2.20. This very direct definition does not really explain why we would call
this object a scattering matrix (or scattering operator). This comes from a slightly
more involved approach using wave operators, which we will briefly explain now. Let
Hpm = E(Hpy) © H be the one-particle state. Then we can easily construct the
symmetric Fock space

F(Hm) = (‘BTOLO:() ®:?=1 Hm

with creation and annihilation operators a*(v) and a(v) for 1 € Hy, and vacuum
state 2p. Because of corollary 2.17 we can define the unitary wave operators

Wout : F(Hm) — H (59)
a*<w1)a*(¢n)QF '_>¢1 Xout - -+ Xout wn (60>

and similarly for Wiy,. Then the scattering matriz S = (Woyu)*Win actually is an
operator on the Fock space.

The definition of the scattering matrix as it stands looks very reasonable at first,
because it directly relates to the transition amplitude of a process one might expect
to measure in an experiment. But in practice it is often more natural to work with
the connected part of this quantity. This means subtracting from the n-particle
scattering process all contributions from “lower order” scatterings of subsets of the
particles. This is analogous to only considering connected Feynman diagrams in a
perturbative approach to QFT. But before precisely define this we need some new
notation to keep the formulas somewhat concise.

Notation 2.21.

1. Motivated by the interpretation of the scattering matriz as operator on the Fock
space, we introduce notation for the identity operator on that Fock space as

LW, o i o) = S 2 [ [ W[ (61)

which is precisely the r.h.s. of corollary 2.17.

2. Let the one-particle states 1, ... ,vn and ¥}, ..., 0", be fized. Then for any
A= {iy,...,ig} < {1,....n} and A" = {d},...,i,} < {1,...,n'} we denote
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with S(A; A’) the scattering matriz element.
S(AA') = S(Wiy. iy ). (62)

Similar notation will be used for other matrices, like 1(A; A") and Sq(A; A')
(defined below).

As a quick exercise to get familiar with 1 and also the new notation, we prove the
following purely combinatorical lemma, which we will need at a much later stage.

Lemma 2.22 (Combinatorical Lemma). Let A, A’ be fized index sets. Then

ST (DML (M; MYYL(A\M; AN\M') = {(1) Al: A=g (63)
McA elLse
M'cA

Proof. First note that everything is zero unless |A| = |A/| and |[M| = |M’|, simply
by the definition of 1. Now let us split the sum with respect to the size of M.

2R > UM M) LAM; ANM) (64)

k=0 McA
M'cA
(M= V| =k

Now consider the definition of 1(M; M'): It is a sum over all possible pairings of
indices in M with indices in M’. Similar for 1(A\M; A\M’). This means that in
(64), there is a sum over pairings of all indices in A with all indices in A’, but only
those which obey the partition of A = M u (A\M). Now we note that there is also
a sum over all such partitions. Therefore, eventually, all pairings of A with A’ will
arise. And the sum over all pairings can then be written as 1(A; A”). So the left
hand side is equal to

|4

v (s (65)

k=0

Where the binomial coefficient comes from the fact that a single pairing will satisty
more than one partition. More precisely, there are ('g') choices for M. And given a
full A, A’ pairing, this fixes M’ uniquely. Now we can use the well-known formula

Bev(p) - {(1) . (66

to prove the lemma.
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Definition 2.23 (Connected Part of the Scattering matrix). The connected part of
the scattering matriz is

k
et m ) = D0 D (CD)F R = [ [ S(As 4 (67)
k {Ag) i=1
{Ai}
Where the second summation is over all partitions of I = {1,...,n} and I' =

{1,...,n'} into k disjoint non-empty subsets A = Ay, LA, and A" = Aju. . LA,

Remark 2.24.

1. The combinatorics naturally extends to the case n = 0 using the usual conven-
tion that an empty sum is equal to zero, and an empty product is equal to one.
In fact we have S, = S = 0 if eithern =0 orn’ =0, and S. = S = 1 if both
n=n"=0.

2. Forn =n' =2, we get the expected

Se(W1, Yo 1, 05) = S(1, ha; 1, ) — S(¥15401)S (23 05) — S(1;51h9) S (123 7)
(68)

3. While the combinatorical prefactor in equation (67) might not be obvious, this
leads to the very nice inverse relation [2][eq. 5.75]

k
SW1, Ui W) = 0 | ] SelAus AY) (69)

k {A;}i=1
{43}

As a first try at scattering matrix calculations, we show that there is no “1 — n”
scattering.

Lemma 2.25. Let n =1. Then

. (70)

/ r_ 1
S(prs, . W) = Se(ryh, . ) = {<@/}1|¢1> n

0 else

A similar formula holds for n’ =1 of course.

Proof. The first equality is simply a combinatorical consequence of equation (67),
as for n = 1, the only partition of {1} into non-empty subsets is the trivial one.
The second equation is a consequence of the Fock space structure of ingoing states
(lemma 2.17) and the fact that for a single particle, there is no difference between
ingoing and outgoing (see lemma 2.14). |
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Using the definition of the scattering matrix as scalar product is not very useful
for actual calculation because of the ¢ — +co0 limits in the definition of asymptotic
states. Therefore we now develop the LSZ reduction formula (named after Lehmann,
Symanzik and Zimmermann) which essentially allows replacing the limits with time-
integrals. The price to pay for this is the introduction of a time-ordering operator,
which in ordinary quantum field theory is simply written as

A(x)By(y) t>u

(71)
Bu(y)A(x) t<u

T(A¢(z), Bu(y)) = {

This definition is obviously not continuous, so for a precise statement we have to
regularize it. In the end, the result does not depend on the details of the regular-
ization, but just for the sake of completeness we give one possible definition here
which is identical to the ordinary time ordering whenever all ¢ are at least € apart.

Definition 2.26 (Time-ordering). Let 0. : R — R be a reqularized step function, i.e.
a smooth function such that 8c(x) = 0 for v < —e and O.(x) =1 for x = €. Then we
can define a (reqularized) time ordering of the operators Q'(t;) as

T(Q (1), ... Q"(tn) = > Q"W(tr) - Q" (trm) [ Oeltais) — tais)

TeSy 1<i<j<n

(72)

In a similar fashion to going from the full scattering matrix to its connected part,
we can introduce the “truncated” vacuum expectation value of a (time-ordered)
operator product.

Definition 2.27 (Truncated Expectation Value). For operators By, ..., B, and space-
time points x1,...,x,, we define the truncated vacuum expectation value

k
(QT(Bi(21) .. Balwn)) |27 = Y, (=DM (k= 1)1 Y [ [(AT(Ba)l2)  (73)

k (A;}i=1

where the second sum is over all partitions {1,...,n} = A; u ... Ay into non-
empty A;. Also, for Ay = {j1,..., 51}, we defined By, = Bj,(xj,)...Bj(z;). The
order of operators does not matter as they are time-ordered anyway. Just as with
the connected scattering matriz this leads to the nice inverse relation

k
(IT(Bi(x1) ... Bu(za))|2) = > > | [(2IT(Ba)

k {A;}i=1

Or (74)

Lemma 2.28 (lemma 5.7 in [2]). Let Fy(x) be a operator valued functions such that

1. Fi(x) is twice continuously differentiable in both x and t.
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2. ||[Fi(x)|| grows at most polynomially in & for any fized t.

3. There are operators ), C1, and Co such that for some time T

_ Cth(iB) t< =T
Filw) = {Qt(zc)Cg t>T 73)

where Q(x) is just Q, translated by (t,x).

Furthermore let g be a Klein-Gordon-solution, i.e. ((J+m?)g =0, and assume that
gi(x) € O(|x|=®) for any fized t. Then

Jdt Jddm g:(x) (O + m?) | Fy(x) |
= tim @(C1Q; (U g0) 1) — lim @[Q: (T ge) Cal’y  (76)
t——0o0 t—00
for any states W, W' for which the limits on the right side exist.

Proof. For the sake of brevity we omit the states ¥, ¥’ in the following calculation.
But note that we are only interested in weak convergence of the integrals and limits
on specific vectors.

|t [dle g0+ m?Fi@ (77)
- [ [ata ( gt<w>ﬁt<a:>—gt<m><A—m2>Ft<m>) (78)
U ar [z (ae)fie) - Fie)(A - mP)g(a)) (79)
KG f dt J a'z ( gt(w)pt(m)_g;<m>pt(m)) (80)
- [t [l o (9@)Fi@) - gi@)F@) (51)
= lin | d'z (g:(2) Fy(@) — gi(@) Fi(w))
- Jim | d'e (g(@)Fil@) - (@) Fu()) (82)
- lim | d'z (¢(@)0u(z) - gi@)Qi(x)) €
- lim | d'z O (9(@)0i(@) — i (@) Q) (83)
- lin [ d'e (40X Q@) o - i [d'z G (a@)F Qi) (5
- i () - oy 0 () =

In the partial integration, boundary terms vanish because g;(x) € O(|z|~*) and
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Fi(x) grows at most polynomially in « for fixed ¢. Note that there is no such
assumption about growth in ¢, so partial integration w.r.t ¢ is not possible. [

The goal of this lemma is of course to take as F' some time-ordered operator-product,
and @y = B} some HR-creation operator. But looking at the formula, we got the
strange expression Qt((a_t)gt) instead of the more familiar Q¢(g¢). The next little
lemma shows that this is not a real problem, and in fact we can translate both
expressions into one another.

Lemma 2.29. Let g be a Klein-Gordon solution, i.e. (see definition 2.10)

d
@) = | tilp) eo(-iu@) + ip o) (56)

for some g € C'SO(Rd). Let f be another Klein-Gordon solution defined by

i ip g
tw) = 5 | e LB exp(i(p)t + - ). (57)

Furthermore let B* be a HR-creation operator. Then
Bi (% f) = Bi (fs) — Bi (f:) (88)

18 a creation operator which results in the same one particle state as the creation
operator B} (gt), i.e.

Jim B7 (% f0)2 = lim Bi()2. (59)

Note that the relation between f and g can be written as 0fi(z) = 2g:(z), and this
relation is invertible.

Proof.
Tim B; (7 f)2 = lim (B{(fy) - B; () 2 (90)
= lim (2B{(f;) - (B} (/) 2 (91)
2 lim B (2f)0 (92)
= lim B (g:)12 (93)
|

Now we are finally able to state and prove the LSZ reduction formula in its full
glory. At this point we will settle for the 2-particle case. The full n-particle formula
can be found in [2, theorem 5.8].
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Theorem 2.30 (LSZ Reduction Formula). The connected part of the scattering matriz
for a 2-particle scattering can be written as

Se(h1, thos by, tha) =
J dty dty dts dty f d'zy dozy d'zy dozy fi(21) fo(2) f3(23) fal2a) (94)
(@ay + %) Ty + M%) Oy + m*) Oy + m* QAT (B (21) Ba(w2) B3 (23) B (w4))|2)1
where

1. ; = limy o th(gm)!? are one particle states.

2. T is a (regularized) time ordering

3. The g’s and f’s are related as in lemma 2.29.

4. The time integrals are to be performed after all spatial integrations.

Remark 2.31. [t is interesting to note that the truncation on the right side does not
actually change the result in this 2-particle case. But we keep it here because for
the general n-particle case it is necessary. The truncation of S on the left is always
necessary.

Proof. First let us compute the right hand side without the truncation of the vacuum
expectation value. We note that the regularized time ordering fulfills all properties
of F in the previous lemma 2.28, so we can use it to successively remove all integrals.
First we apply it to the x3 and x4 and note that the second term of (76) vanishes
in both cases because a creation operator hits the vacuum from the right. Thus we
get

J dty dts fddml Ay f1(z1) fo(22)([Tey + m?)([Oey + m?)
Jim (T (Ba (1) Ba(2)) Bs —4(93,~) By —(94,-4)|12) (95)

Now we want to apply the same lemma to the 1 and x9 integrations. But now both
terms of (76) actually contribute, so we end up with 4 terms. They are

B (2] By, —+(g1,-¢) B2, ~+(92,-4) B3 4 (93,-1) B1, 1 (94,-4)|£2)
+{02|B2,t(92,t) B1,t(91,4) B3 _4(93,—) By _4(94,—)£2)
—(2|B14(91,t) B2,~(92,~t) B3 _1(93,—t) By _1(94,—)|£2)

—(2|B2,t(92,t) B1,~(91,—t) B3 _¢(93,—) B _¢(9a,—)[12)). (96)

Now we use the fact that the action of a creation operator on the vacuum is inde-
pendent of ¢ to switch the sign of the first ¢ in the 3’rd and 4’th line. Finally writing
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everything in the notation of asymptotic states gives us

(1 Xin Y2|h3 Xin a) + (P2 Xout V1|13 Xin a)

— (1 Xin Yalths Xin Ya) — (P2 Xin 1|13 Xin Y1) (97)
= S(Y1, 2593, ¥a) — S(¥1593) S (P2; ¥a) — S(¥1594) S (23 ¥3) (98)
= Sc(¥1,12; Y3, 94) (99)

which is precisely the left side of the theorem.

Finally we need to handle the truncation of the vacuum expectation value and show
it does not change the result. According to lemma 2.25, the only additional terms
that could potentially contribute are those with exactly one in- and one outgoing
particle. For these we can do the same steps as before and compute

f dty dts j dlzy dls Fr(en) fa(es)Chey + m2) Ty + m2)QUT (B (1) B3 (3))|2)
(100)

_ j dty j dy Fi(20) (O + m?) (2| B (1) By (g5, 1)| 2) (

= (02|B1,—1(91,-¢) B3 _1(g3,-1)[$2) — {02| B1,t(91,1) B3 _¢(93,-¢)[£2) = 0 (

Remark 2.32 (LSZ Reduction Formula in momentum space). Formally setting f;(x) =

1 x

Wem’ as a plane wave, we obtain the LSZ reduction in momentum space.

S(p1,pa; p3,pa) = —(pi —m?)(p3 — m?)(ph — m?)(p; — m*)[(p1, p2; —p3, —pa)

(103)
where
1
F(p17p2;p3ap4) :mfdd-i—lxl Jdd-ﬁ-le Jdd-i-lx?) Jdd+1l‘4 (104)
e—iplxle—ip%L‘ze—ip3$3€—’ip4m4 <Q|T(B2 (I'Q)Bl (l‘l)B;: (I3)BZ (ZL’4))Q>
(105)

1s the Fourier transform of the correlation function. As plane waves are not Klein-
Gordon solutions, this should only be regarded as a symbolic expression and will not
be used further. We just mention it because in the QFT literature, this version is
more commonly found than the rigorous formula we are using.
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3 Lattice Systems

The previous chapter demonstrated how to establish scattering theory in continuous
space-time R, From now on we instead consider discretized space. This is done
by replacing R? with Z?, while keeping time continuous and using Lieb-Robinson
bounds to construct the dynamics of the system. While many properties from the
Haag-Kastler setting have to be reconsidered, it turns out that enough structure is
left to establish the LSZ formula. In this section we mostly follow [4], though the
LSZ formula for lattice systems is a new result of this thesis.

As now the theory becomes non-relativistic, we abandon the relativistic notation of
space-time vectors like = (, ), and instead always write time ¢ € R and lattice-
position z € I" = Z¢ separately.

3.1 Quasi-Local Algebra and the Global Dynamics

Definition 3.1 (Quasilocal algebra). Let A, be a finite dimensional C*-algebra for
every x € I', where I' will be called the lattice. For any finite subset A < I' we
define the local algebra in A as

A(A) = @reaAs. (106)

If Ay < A, there is a natural embedding A(A1) — A(A2) so we write A(A1) <
A(A3) and we can define the quasi-local algebra as norm-closure of the local ones.

Aloc = UAA(A) (107)
A= Ajge (108)

Definition 3.2 (Interaction). A function @ : P,o(I') — A is a family of local inter-
actions if for any finite set A < I' it holds

1. &(A) e A(A)
2. P(A) is self-adjoint.

Then we can define a family of local Hamiltonians and corresponding local dynamics

as
Hy= ) &(X) (109)
XcA
TtA(A) _ eitHAAe—itHA (110)

Formally, the Hamiltonian of the whole system would be H = ) v, ?(X). But
in general this sum obviously does not converge, so a global Hamiltonian does not
exist. But using Lieb-Robinson bounds it is possible to construct a global dynamics
T = s-limg_, TtA, at least for certain interactions which are “small” in the sense of
the following (somewhat technical) definition.
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Definition 3.3 (Norm of Interactions). Let d : I' x I' — R be a metric, and F' : R —
[0,00) a non-increasing function such that

1. ||F|| = SupmeFZyeF F(d(l’,y)) < @

2 Cm s Doy TR

Then for any X\ = 0 the function F\(d) = e *F(d) satisfies ||Fy|| < |F|| and
Cy\ < C. Finally we define By(I") as the set of interactions @ satisfying

g @)
18]\ = ’yepFZaZ Gy < ® (111)

Example 3.4. As an elementary example one can choose I' = Z% as the reqular
d-dimensional lattice with euclidean metric d(z,y) = |x—y|. It is easy to verify that
the choice F(d) = (1 + d)~%=¢ satisfies the conditions for any € > 0. Also, then we
have for translation invariant interactions

H¢HA-—sup6A“*U-+Imld+€ Y le2)]| (112)
Z3x,0

It is clear by the definition of the quasi-local algebra, that for A € A(X), B e A(Y)
with An B =,

[A,B] = 0. (113)

But when we evolve one of these operators in time, it becomes non-local. So even
for small times ¢ and a large distance between X and Y, the commutator [7¢(A), B]
will not vanish. In this sense the propagation speed of the theory is infinite. But
it turns out that outside of a propagation cone of a finite velocity, the commutator
becomes exponentially small. And this in turn can be used to prove the convergence
of the global dynamics.

Theorem 3.5 (2.1 in [17]). Let A\ = 0 and A < I be finite. Let & € By(I") be an
interaction. Then for any pair of local observables A € A(X), B € A(Y') with finite
X, Y c A, we have

2PN — 1 (X, Y) >0
A € )
H[Tt (A)7 B]H < QHAH HBHC)\7X7Y {€2|¢||,\C>\|t| else (114)
1
where Cy xy = o Z Z F\(d(z,y)) (115)
A zeX yeY

Note in particular that for fixed A, B this bound is independent of A, so it also holds
in the limit A — I, once its existence is proved.
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Proof. Consider the function

f(t) = [ (A), B]. (116)

Using its derivative

f'(t) = i[7([Ha, A]), B] (117)
= i[r{"([Hx, A]), B] (118)
= i[r{'(Hx), [7'(A), B]] + i[[r{(Hx), B], 7{"(A)] (119)
= i[r{\(Hx), f(®)] +il[7"(Hx), B], 7 (A)] (120)

and noting that the first term of (120) is norm-preserving it can be estimated as
A ’ A
|7 (), BIf| < 1IL4, Bl + 2)14] JO ds || [, (Hx), B]||. (121)

Furthermore for any (finite) X < I, we consider the function

A(A), B
CB(X, t) = sup ||[Tt ( )7 ]” (122>
aeaxy Al
(123)
which can - using (121) - be recursively estimated as
t
CalX.0) < Cp(X,0) + 2 | ds [[r(2t0). B (124)
0
t
<Cp(X,00+2 > J ds ||[7(®(2)), B]|| (125)
ZcAZnX#g Y0
t
<Cax0+2 N @) | dsCu(zs)  (20)
0

ZcN,ZNnX#J
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This can be iterated to obtain

Cp(X,1) < Cp(X,0)+2 ) [#(2) ||fds Cp(Z,0)+2 > [|B(Y) ||fduCBYu)>

ZcA YcA
ZINnX#J YnZ#J

(127)
= Cp(X,0) +2t Y |[(2)]Cp(Z,0)

ZcA
ZAX£D

rat B 192 Y100 | ds Ca(vs (125)

ZcA YcA
ZNX#J YnZ#g

< e ) (HH@(Zn)H) Cp(Zn,0) (129)

n=0 Z1..ZncA k=1
ZinZip 17
o0 n
< Y 2Blleeyt > (H!@(%)H) (130)
n=0 Zy.. ZncA k=1
ZinZiy1#= D

=an

Assuming @ € By (I") for some A\ = 0, this can be approximated as

w< YOI Y ezl (131)

CC()EX k=1 ZkGA

xl...xn_le/l xk,l,xkeZk
Tn€Y ~ ~ -
<H¢|IAFA( (Te-1,2k))
<o} H Fy(d(zg-1, 1)) (132)
CL'()EX
T1...Tp— 16/1
TneY
<|[le3Ccy Y ) Fald(z,y)) (133)
zeX yeY
putting this back into the bound of Cp(X,t) yields
0
Cp(X,t) < Y 2IBl@)™BI3C Y] Y] Fald(e,y)) (134)
n=0 zeX yeY
_ 28]
= o =P 2IACy) 1) Fa(d(x,y)) (135)
A
rzeX yeY

which immediately gives the second version of the theorem (without the “—17). For
the other version one can go back into the calculation and verify that the first term
of the exponential series vanishes (i.e. ag = 0) when d(X,Y’) > 0. |
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Corollary 3.6 (Lieb-Robinson Bound (equation 2.17 in [17])). For any interaction ®
for which ||D||x is finite for some X\ > 0, it is

[ritcan. 3] < i) 2L win 1. v exp-aace v) - 250 o

where vy = ZHf”A 1s called the Lieb-Robinson velocity and can be viewed as the

(finite) propagation speed of the system.

Theorem 3.7 (Existance of Global Dynamics (theorem 2.2 in [17])). Let & € B\(I") be
an interaction. Then

T(A) = Ahm i (A) (137)

converges for any A € A. In particular, ¢ is a strongly continuous group of auto-
morphisms on A.

Proof. Strictly local observables are by definition dense in the quasi-local algebra,
so w.l.o.g. we can assume that A € A(Y") for some finite set Y < I". Then we show
that the expression on the right is a Cauchy net. For A1 < Ay we can calculate

[ (4) = 2 (4)| = Uod 0 (7 o (4)) (138)
L s TN, — Haporit 5<A>]|| (139)

- [ s ([[Hony — Hap, ()] (140)

:XCAZZX N f ds [|[( (A (141)

This can now be estimated using the Lieb-Robinson bounds and the fact that if
X ¢ Ay, there must be a point x € X that is not in Aj.

-l < 33 [ s ot ma] (112)

]JEAQ\Al Xox

t
<24l Y Y I0)IChxy j ds exp(25]],C)
zeA\A1 X3
(143)

A
< ”QUH HC > Y IBX)Cox,y (exp(2t@[C) — 1)
AV A xeM\A1 X3z

(144)
(145)
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Now we plug in the definition of C\ xy to get

I (4) = == (4) (146)
< “;’H g eoCPhC) 1) 3 S0l Y N ey )
A zeN\A1 X3 zeX yeY
A
- e e -1 T T 101 T A (49
A x€N\NA1 26’ X32,2 yey
< “C2H (exp(2t]|D[IxCx) —1) D> > Fald(z,2)) Y] Fald(z.y)) (149)
xeM2\ Ay z€I” yey
<Ll eweieney -1 Y Y Aw.) (150)

z€A\A71 yeY

Now the sum goes to zero for A; — I', because F) is uniformly integrable. Therefore

TtA(A) is a Cauchy net in A so it converges in the closed algebra A. |

The Lieb-Robinson bound stated that the commutator of a time-evolved observable
and one located outside of its propagation cone is exponentially small. Another way
to formulate the finite propagation speed is to look for an approximate time-evolved
observable, with an exponentially small error, that is strictly contained inside its
propagation cone. So that this approximation exactly commutes with observables
outside. This idea is formulated in the following proposition.

Prop. 3.8 (Time evolution of local observables, prop C.2 of [4]). Let A = I' be finite
and A € A(A) be a local observable. Then for any e > 0 and t € R, there exists a
local observable Ay € A(AMHFE) with

I7(A) = Arell < C(A,N)e ™ (151)

where X, cy are as in 3.6.

3.2 Vacuum Representation

From this point we will assume a regular lattice, i.e. I' = Z% with a translation-
invariant interaction, so that 74 and 7, commute.

Definition 3.9 (Vacuum Representation). Let w be a state of the quasi-local algebra
A. Consider the GNS representation (H,m, §2) of this state, and the (unitary) repre-
sentation U(t,x) of yot,. The subgroup of time-translations is strongly continuous,
so it has a generator H. This is called a vacuum representation of the algebra if

1. H 1is positive

2. wonp=w=woT, forallteR andx eI’
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3. 0 is an isolated simple eigenvalue of H (corresponding to §2)

Definition 3.10 (Spectrum). Let A, H, 7, §2,U be a vacuum representation. Then by
the Stone-Neumark-Ambrose-Godement theorem there is a spectral measure dP on
R x I' such that

U9 (z) = J BT p(B, p). (152)
RxI’

Here I is the d-dimensional torus of size 2, which is the dual lattice ( “momentum
space”) of I' = Z%. The spectrum of U now is

SpU = supp dP (153)

Similar to the QFT case we can again use the group of space-time translation to
convolute elements of A with functions. Only this time we restrict ourselves to L!
functions.

Lemma 3.11. Let A€ A, then

AT (4) = (2m) Y f dt T (A)f(t,x) for fe LNRx T)  (154)
xel’
r(4) = (2m)73 j dt 7(A)f(t) for [ € L'(R) (155)
7D(4) = @r)F Y 7(A)f(x) for f e LN(I) (156)
zel’

are again elements of the algebra.

Next we define the Arveson spectrum of an operator in order to formulate the
energy-momentum transfer relation.

Definition 3.12 (Arveson spectrum).

Spat = supp A (157)
where A(E,p) = Z Jdt eHETITL, (A) (158)
zel’

is the (inverse) Fourier transform of A(t,x) = 1 2(A).

Note that for any f € L'(R x I") whose Fourier transform f is supported outside if
SpaT this implies 77(A) = 0.
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Lemma 3.13 (EM-transfer, proposition 3.6 in [4]). Let A € A, P be the spectral
projection as in 3.10, and A < Spy be measurable, then

m(A)P(A) = P(A + Spar)m(A)P(A) (159)
e P(AYH = w(A) e P(A+ Spat)H (160)

3.3 Almost Local Operators

Just like in the continuous case, it turns out that strictly local operators cannot
have a compact spectrum. So in order to find creation operators with localized
momentum we need to consider a slightly wider range of operators:

Definition 3.14. An operator A € A is said to be almost local if there is a sequence
of local operators A, € A(X,,) such that

IA — A, € O((diam X,,)~®) (161)

This class of operators is closed under convolution with Schwarz-functions, so we
state analogous to lemma 2.7 (though the proof in this case is somewhat more
involved):

Lemma 3.15. Let A, Be A,_j,.. Then
1 |[[A, m2(B)] € O(|z[ ™) (xeT')
2. Tta(A) € Ag—ioe for any t€R, x €’

8. 7p(A) € Ag_ioc for any f € SYRx I
Proof. ad (1):
I[A, 7 (B)]|| = [[[An, 72(Bn)]ll + O((diam X5,) ™) (162)

And for sufficiently large x, the commutator vanishes.

ad (2): For purely spatial translations this is trivial, so we only need to consider
time evolution, i.e. x = 0. As A is almost local we can take its local approximation
A, € A(Xy). Then we use proposition 3.8 to get A, as an approximation of
T+(Ay). Setting € = diam(X,,) gives us

17e(A) = Anpell < [I7(A) = 7e(An)l| + 7 (An) = Anrel (163)
< O(diam(X,,)~®) + const - e~ ¢ (164)
< O(diam(X,,)~%) (165)

Furthermore the approximation is localized as Ay ¢ € .A(Xﬁw'“), and

diam(X117) < 2 diam(X,,) + vyt (166)
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So the domain is only linearly larger than the domain of A,,, which - renaming X,
- proves the almost-locality of 7(A).

ad (3): First assume A is strictly local, i.e. A € A(A) for some finite A = I'. Let
At be as in proposition 3.8, and r > 0 arbitrary. Then we find

Tr(A) = fdt z;%(A) ft,z) (167)
_ fmg dt zer%@ﬁ’m(m £(t,7) + O(r—) (168)
::J:ﬂgrcﬁ xe£§%$#7}«/nﬁ>f<u:v>+49<r—“v<+<9<e—Af> (169)

Note that A is a local observable with A € A(A™" 7). So by choosing € = r we

=X,
found a A, = A e A(X,) with

|77(A) = 4] < O(r~*) = O(diam(X,)~*) (170)

so 7¢(A) is almost local.
Finally for general (almost local) observables A we can simply consider its local
approximation, because we always have the estimate

[74(A) = 74(B)|| < |4~ BllIflx (171)
[ |

3.4 Construction of Asymptotic States

Before we can define asymptotic states, which contain n particles, we will need to
define one particle states and their creation operators. Just like in continuous QFT
we will need an isolated mass-shell in the spectrum of U which should be given
as the graph of a dispersion relation. Unlike QFT however we do not strive for a
relativistic theory, so we can allow a much wider range of dispersion relations than
just “w(p) = +/p? +m?”. Also, in a lattice system, the momentum p is bounded
by the inverse lattice size!. More precisely, w : I" — R where I is the dual of the
lattice, i.e. a torus.

Definition 3.16 (Mass shell, One-particle space). Let (A, 1) be a quasi-local algebra in
a vacuum representation. Let A < I' be open and w : A — R be a smooth function.
Then h = graph(w) < I' x R is called a mass-shell (and w its dispersion relation ) if

e h is contained in the spectrum h < SpU

Lwhich implies an effective UV-cutoff, which is an important reason to consider lattice
systems in the first place
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o The set {p € AlD*w(p) = 0} has measure zero, where D*w is the Hessian
matrix of w, i.e. its second derivative.

Additionally, if (h — h) n SpU = {0} the mass-shell is called pseudo relativistic.
With such a mass shell we define the one-particle space as Hy, = P(h)H.

Note that in the QFT case, the pseudo-relativistic condition is equivalent to saying
that the difference of two time-like vectors is space-like or zero.
The next ingredient on our way to creation operators are the wave packets. This is
analogous to definition 2.10 with generalized dispersion relation

Definition 3.17 (wave packets). For any smooth function § € C*(I") we define its
wave-packet as

(@) :J o eI TG (p) (172)

and its velocity support as

V(g) = {Vw(p)|p € supp g} (173)

Note that in contrast to the continuous case (definition 2.10), there is no explicit
restriction on the support of g, because I' is compact anyway.

Definition 3.18 (Creation operators). Let B* € A,_j,. be an almost local observable
such that its Arveson spectrum Spp=T is compact and Spg+=T N SpU < h for some
isolated mass-shell h. Then B* is a creation operator and

Bi(ge) = (2m) %% Y 710(B*)gu(x) (174)
zel

1s a Haag-Ruelle scattering operator, where g; is a wave packet for the dispersion
relation of h.

Next we prove some properties of these operators we would expect for bosonic cre-
ation, analogous to lemma 2.14

Lemma 3.19. Let B/ (g:) and C(g¢) be HR-creation operators with disjoint velocity
supports. Then

1. 0B (g1)2 =0

2. 1B (9:), CF (f)]ll € O(t™)

3. B (g0), [CF (fe), DE(ho)]]]| € O(¢~)

4. Bi(@,)Cr(f1)02 = 2(Bf (1) 2|C; (f1)02) if the mass-shell is pseudo relativistic.

Proof. Same as in 2.14. Only that for (4) we need the explicit assumption that the
mass-shell is pseudo-relativistic, which was automatic in the QFT case. [ |
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Now we are ready to define asymptotic scattering states.

Definition 3.20 (Asymptotic states). For W; = BZ,(git)f2 be one particle states,
define

wl Xout « -+ Xout Wn = W—i_ = tli{gj Bit(ﬂl,t) s B:;,t(gn,t)g (175)

The proof of existence of these asymptotic states is completely analogous to the
continuous case (2.15) and relies heavily on lemma 3.19. Therefore we skip it here.
The same goes for the following lemma (cf. lemma 2.16)

Lemma 3.21. Let B’it(g’l’t), . ,B’;t(gg,i) be creation operators and By(g:) an an-
nihilation operator. Let the velocity supports of V(g.) be disjoint and V (g) arbitrary.
Then

tEIJPOO Bt(gt)B/it(gll,t) . B/:,t(g;L,t>|Q> (176)
n
= Jim 3 BT0ha) - Baloke) - B0 12X Bia) B (6} )12 (77)
T k=1

where the big hat denotes omission of the k’th creation operator.

3.5 Scattering Matrix and LSZ Reduction

The goal if this work is to arrive at a LSZ reduction formula similar to theorem
2.30, but for the setting of a lattice system instead of continuous QFT. We already
defined wave-packets g;(z) for this system as well as creation operators and their
asymptotic states. Also by matter of analogy we can expect to simply replace the
spatial integrals if the LSZ formula by sums over the lattice. The only part missing
is the differential operator ((J+ m?) in the kernel of which the QFT-wave-packets
(i.e. “Klein-Gordon-solutions”) lie. In particular, our wave function here is only
defined on lattice sites, so we do not have spatial derivatives.

The obvious approach is to use a discrete gradient, like (for d = 1)

f(@ip1) — fwioa)

f() = o +0(h?) (178)

where h is the lattice spacing. This formula is very common in numerical mathe-
matics. But in our setting there is no small parameter for lattice spacing. Also, we
want to arrive a a non-perturbative formula that is correct in all cases. Therefore
the solution we came up with is somewhat more involved.

Definition 3.22 (Lattice Gradient). The Lattice-Gradient is an operator defined as

V:LYI') — L¥(I) (179)
Vg =iF YpFg (180)
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where F : L3(I') — L*(I') is the Fourier transform, and p is the momentum-
multiplication operator where we fized the Brillouin zone by identifying I' = [—m, 7).

Note that this lattice gradient is not a “local operator” in the following sense: For
the usual gradient acting on continuous functions, the value of (V f)(z) only depends
on the values of f on an arbitrarily small neighborhood of z. For a lattice function
on the other hand, (Vf)(x) on one lattice point z € I" really depends on the whole
function f. In a sense, this destroys a local interpretation of the theory.

Lemma 3.23 (Properties of the Lattice Gradient). Let w be a dispersion relation. Let
gi(x) be a wave-packet as in 3.17, and let f : R x I' — R be a function such that for
fized t, fy € L*(I"). Then

1. w?(—iV) is a bounded self-adjoint operator on L*(I")
2. (0% + W (—=iV))gi(z) =0

3. Yaer 9(@)(—iV) fole) = = Xpep Gel2) file)

Proof. ad (1): the Fourier transform F is unitary between L?(I") and L?((—x,)),
and the multiplication operator p on L?((—m, 7)) is bounded and self-adjoint. There-
fore —iV is also self-adjoint and bounded and by functional calculus, w?(—iV) is
well-defined.

ad (2): This is trivial by the definition of the wave-packet.

ad (3): Note that (2) in particular implies that §; € L?(I") for fixed ¢. Then this is
just a simple calculation

Z gt ZV ft <gt‘ ZV ft> (181)
xel’
_ <w2(—i@)§( ft> () (182)
= — Gl fe) 2oy (183)
= = (@) fil(w) (184)
xel’
[ |

Lemma 3.24 (Lattice version of 2.28). Let Fi(x) be an operator valued function (with
te€R and x € I') such that

1. Fi(x) is twice continuously weakly differentiable in t.
2. For fized t, ||Fi(x)|| grows at most polynomially in x.

3. There are operators ), C1, and Cy such that for some time T

Fy(x) = {Cl@t(x) b1 (185)

Qt({L‘)OQ t>T
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where Q(x) is just Q, translated by (t,x).
Furthermore let g be a wave-packet, i.e. (07 + w?(—iV))gi(z) = 0. Then

[ dt Y@t + 2wy

zel’

= lim F|C1Q, (W gr) 10 — lim @|Q: (g ) Calwy  (186)
t——00 l—0

for any states W, W' for which the limits on the right side exist.

Proof. For the sake of brevity we omit the states ¥, ¥’ in the following calculation.
But note that we are only interested in weak convergence of the integrals and limits
on these specific vectors.

Jdt D u(@)(0F + w(—iV)) Fy(x) (187)
zel’
- [t 3 (a@)ite) + o) (-i9) Fiw)) (153)
xel’
_3.23 J at Y (o) Filw) = Filw)gilw) ) (189)
el
- [dt 3 & (o) i) - o) Fio) (190)
xel’
- Jim 3, (gt<x>Ft<m> ~(@)FA)) = i 3 (o) o) — (o) )
(191)
= Jim 3 (=)00(0) = d@)Q(o)) €2 = lim, 3 € (0e()Qux) = () u())
(192)
= Jim 3 (@@ 7 Q@) Ca = lim Y O (0(0) 7 Qul) (198)
xel’ el
= LEr_noo C1Q (b—t)gt) - tli)Holo Q1 ((a—t)gt) Co (194)

Note that lemma 3.23 can be used here because on a lattice any function g;(x) that
vanishes sufficiently fast for large z is in L?(I") (for fixed t). |

Theorem 3.25 (LSZ Reduction Formula for lattice systems). The connected part of
the scattering matriz for a n-particle scattering for n,n’ = 2 can be written as

Se(1, .. Y3 WY, . UL = (—1)”Jdt1...dtn Jdtg...dtg, Z

T1,...,En€l

filt, x1) oo fo(tnszn) fL (L 2) o fL (L, 2)) Ty €1 (195)
K...K, K{ 7/1,<Q|T(Bl(t1,x1)...B (tn,xn)Bl (tl, 1) B/*( s T n))|Q>T
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where
1. 9y = limy_o0 B (gl )2 and ¢} = limy_, B] t(gl t)(Z are one particle states.
2. T is a (reqularized) time ordering
3. K are operators K; = (07 + w?(—iV;))

4. The g’s and f’s are related as in lemma 2.29.

Proof. This proof is split into three steps. First, we use the previous lemma to
remove all integrals from the right hand side of the formula. This yields a version of
the LSZ formula without any truncation. Secondly, this formula will be inverted by
purely combinatorical arguments (lemma 2.22). Third, we compare the result with
the definition of the connected scattering matrix (equation 69).

Step 1.
We define R(¢1,...,¢%n; ¢, ...,4.,) as the right hand side of the equation without
the truncation of the vacuum expectation value, and start our calculation from there.

We note that our regularized time ordering fulfills all properties of F' in the previous
lemma 3.24, so we can use it to successively remove all integrals from our expression
here. First we apply it to the 2/ summation/integration and note that the second
term of (185) vanishes because a creation operator hits the vacuum from the right.
Therefore we get

Rz(—l)”fdtl...dtn > Al falz) KKy

T1yeee,Tn€l’

S QT (Bi(x1) - Bu(wn))By—y(91,-1) -+ Br - (9 )| £2) (196)

Now we want to apply the same lemma to all of the remaining x integrations/summations.
But now both terms of (76) actually contribute, so we end up with 2" terms. Noting
that the order of creation operators with the same sign does not matter in the ¢-limit
(lemma 2.14), we can write the result as

n'
= Jiun S50 [ B [1 85040570 [T 551t -01 (199
M eM JEM k=1

where the sum is over all subsets M < {1,...,n}. Now we need to deal with the
negative-time annihilation operators in the middle. Using lemma 3.21 we can write
this as
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R :tli{?o n+|M|<'Q’ H th gzt 1_[ B,* t g],,t |-Q>
eM JjeM’
x (12| HBZ @) [ Br_igh o)1 (198)
1¢M k¢ M’
— n+\M\ < x 2t b jeM,@Z) ><X1¢M¢l‘xk¢M/¢k> (199)
- Z(—l)‘MC‘ S(M; M')L(M®; M) (200)
M
M/

where the sum is over all subsets M < {1,...,n} and M’ < {1,...,n'}, and M¢
denotes the complement of the index set M. Writing this relation for arbitrary index
sets A, A’ we get

R(A;A) = > (1) AWMIS(M; M) 1(A\M; A\M) (201)
McA
M'cA

(for the notations used here see 2.21).
Step 2.

Next, we can invert this relation between the (non-truncated) R and S. Keep in
mind that 1 is only non-zero if both its input sets have the same cardinality.

D1 R(M; M) L(A\M; A\M') (202)
e
= 3 > (~)MWIS(N N L(M\N, M\N")L(A\M; A\M") ~ (203)
McA NcM
M'cA’ N'cM’

In this formula the index set A is split into three parts (A\M, M\N and N), and
the sum is over all possible splits. So we can rewrite the sum by exchanging the
meaning of A\M and N. Doing the same for the primed sets, we get

2, ROLM)LAM; AN\M) (204)
McA
M'cA
= > D, (F)WISA\M; ANM)L(M\N; MA\N)L(N;N') - (205)
McA NcM
M'cA’ N'cM’

Now we can use lemma 2.22 for the N,N’ summation. We see that the only surviving
term is the one with M = M’ = ¢, so the right hand side is simply equal to S(A4, A")



40 3 Lattice Systems

and we have

S(AA) = > R(M; M")1(A\M; A\M') (206)

McA
M'cA
= > R(M; M')1(A\M; A\M') (207)
McA
M'cA

Now we introduce truncation for the R term, i.e. we plug in the defining equation
(74) for R:

S(AA) = > R(M,M')L(AM, A\M') (208)

McA
M'cA

DI Sre ]_[RT(Ai;Aé) (209)

MCA/ E {A:} i=1
M'cA (A

Where the sum is over all partitions AAM = A; u ... u Ap with Ag, ..., Ax non-
empty, and similarly for A’ (note that M, M’ are allowed to be empty). Note that
both R(Aj; A%) and Ry (Aj; AL) are zero unless either A; = AL = F, or |A;], | A} = 2

Step 3.
Now we consider the truncation of the S-matrix. We start from the defining equation
of S. (see (69))

k
S(A; AN = >3 [ Se(Ais 4)) (210)

k {A;}i=1
A}

»—*—

Using lemma 2.25, we see that there are only two cases in which S.(A;; A7) may
be non-zero. Either |4;] = |A;| = 1, or |A4;],|A}| = 2. In the former case, we can
replace Sc(A;; Af) with a scalar product between 1-particle states. Furthermore, we
can collect all these singleton sets together and write the result using 1. This gives

SAA) = > > 1M, M) HS(Ai;Ag) (211)

McA & {A) i=1
M'cA (A}

where the sum is over all those partitions A\M = Aju...u Ay, that have |4;], |A}] >
2. Finally, by comparing equations (209) and (211), we conclude Rp(A4;A’)
Se(A; A7) for |A],|A’| = 2, which concludes the theorem.
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3.6 The Problem with Perturbation Theory

The natural next step now would be to choose a concrete model and try to evaluate
the LSZ formula, at least perturbatively. Many quantum spin systems use only
“nearest-neighbor interaction, i.e. the Hamiltonian has the form?

H= > H)l+e > H (212)
zel’ zyel’
lz—y|=1

where H? € A({x}) is the free evolution at the site z, and HIM e A({x,y}) is some
interaction. As we will see in Chapter 5, at least for some systems and small € it is
possible to analyze the EM-spectrum of such a system. In particular, a mass-shell
with some dispersion relation w, exists and asymptotic states can be constructed.
The most common approach to then analyze the scattering of such states in ordinary
QFT is perturbation theory. I.e. one does a series expansion with respect to a (small)
coupling constant.

But what is the coupling constant in this setting? It is not € as one might think.
Setting € = 0 does not yield a model of freely propagating waves. Instead it yields
a model of individual lattice sites evolving independent of each other, and no waves
propagating at all. In particular the dispersion relation of such a system will always
be constant. This means that the velocity support of any wave-packet will always
be {0}, so asymptotic states are not possible (which need multiple disjoint velocity
supports). More formally, the assumptions of definition 3.16 can never be fulfilled.
This means we are unable to describe a free system, which would be necessary as a
starting point for perturbation theory.

2This expression is only symbolical, as a global Hamiltonian does not exist in the ob-
servable algebra. But the translation into an interaction @ should be obvious, so we
keep to this notation.
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4 Path Integrals and Semi-Classics

It is often said that there is no classical analog to the concept of spin, aside from
the crude picture of an elementary particle rotating around itself. In this section
we will see one way to give meaning to concepts of “classical trajectory” of a spin
degree of freedom and how to use this to build path-integral formulas for quantum
spin system as well es semi-classical equation of motions for the system, which -
one can hope - lead to some insight into the actual quantum system. An intuitive
introduction to the idea can be found in [18]. Our discussion mostly follows the
notations from [14] which discusses spin-systems in a statistical setting and to some
degree [6] which achieves rigorous results for a single spin. Neither paper attempts
to use path-integrals for a time-evolution operator. This we will try in this section.

4.1 Coherent States

Let I' be a lattice and s € %N be the spin. At each site x € I', suppose we have a
(2s+1) dimensional Hilbert space spanned by the orthonormal vectors |—s)_., |—s +

1),,...,|s),. Furthermore let the spin operators S;, S, S3 act as
S§|m>m = m|m), (213)
SElm), = chilm £ 1), (214)
SEl+s), =0 (215)

And the constants can be fixed as

cf =/s(s+1) —m(m+1) (216)
=/ (sTm)(stm+1) (217)

So the Hilbert space at each lattice site is finite dimensional. On one hand that
makes the situation very easy because all operators are bounded, so there are no
problems with domains and such. On the other hand there is no classical analog for
such a spin system as trajectory of a classical system is always something continuous.
One way to artificially construct such a “classical” trajectory is the following.

Definition 4.1 (Coherent states). For any vector of complex numbers z € Cl' we
define the coherent state as

2) = exp (2 zxs;> D (218)

Gl = slexp (225;5) (219)

where |s) = X),cp|s), is the state with all lattice sites in their highest state.
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Note that

1. The exponential is actually a polynomial of degree 2s, because (S7)%*1|s) =
0.

2. The map z — |z) is continuous for finite I".

The QFT analog of these coherent states are the states of fixed position |¢) or fixed
momentum |p). Note however that the Hilbert space these states live in is still
finite-dimensional (per lattice site), even though there are infinitely many of them
(for any complex number z). So the coherent states cannot be orthonormal. Still
we do have sufficiently simple formulas for doing similar operations. There are just
some extra factors:

Lemma 4.2 (Properties of coherent states).

1. Scalar product of coherent states with pure spin states (k € {—s,... s}

CF).'

, 2 €

ao =[1=(,”) - (220)

2. Scalar product of two coherent states (w,z € CT):

(wlzy = [ [(1 + Wzza)® (221)

3. Partition of unity:

1.5 e (222)

Where the measure is

2s+1 d?z,
(1 + [22]%)?

dp(ze) = (223)

Remark 4.3. Note that the measure du(zy) is chosen in such a way that the path-
integral formulas in the end will look nice. Furthermore, the measure is not transla-
tion invariant, which will have consequences when trying to solve path-integrals later
on.

Proof. We will do the calculations only for a single lattice site (i.e. w,z € C and
ke {—s,...,s}). The product over all sites in the general case should be clear.



4 Path Integrals and Semi-Classics

45

ad (1): Using that the spin states |k) are orthonormal to each other we calculate

(klz) = <k|exp (zS_) ! )
Z </<! |s)

1/2
_ ZH, H (s+0) (s—1+1)
(S — /{) k1 —_—

—(28)!/(s+k)]  —(s—Fk)!

=2 <(s n 15)2!2!— k;)!) N

1/2
:Zsik 28 /
s—k

ad (2): Using the partition of unity into pure spin states and (1), we get

(wlzy = 7 Cwlky (kl2)

k=—s

ad (3): Define the operator

d
ozj( #e) s

1+ 2]%)

Then for any fixed spin states |k), |k") it is

Moy = 22 fd% M

1+ |Z|2)2$+2

25 \7/ 25 \?2s+1 Jd2 25k ys—k
frd —_— Z _—
s—k s — k' T (1 + |2]2)2s+2

(224)

(225)

(226)

(227)

(228)

(229)

(230)

(231)

(232)

(233)

(234)

(235)

(236)
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Now we choose polar coordinates z = re'?, d2z = rdrdg

2s \2/ 25 \22s +1 [® p2s—h—k+1 029 i(k—k'
K|OJKY = (8 B k:> <S - k’) — f dr WL de e'*K)  (237)
—_——

0
=270,/
9 © r25—2k+1

= 2011/ 2s + 1 dr —————=—= 2

kk <S . k’>( 5+ )J;) r (1 + T2)2s+2 ( 38)
t:7'2 28 @© tS—k
= Opp 2s + 1 dt ———— 239
kk (S . k>( s+ ) L (1 + t)28+2 ( )
2s I'(s+k+1)['(s—k+1)

kk(s—k)(8+ ) I'(2s+2) (240)
= Oppr (241)
This proves that O is indeed the identity operator. [

4.2 Time Evolution and Operators

We assume that the time-evolution of both operators and states is given by a (time-
independent) Hamiltonian H:

|2, t) = eH|2) (242)
O(t) = e Qe H (243)
(w, 01w, t) = (w|O[2) (244)

Now in order to work with a a “classical trajectory”, we need “classical observables”,
which are not operators, but simply functions depending on the continuous variable
z. In the context of coherent states, such functions are called “symbols”.

Definition 4.4 (Symbol). Let O be an operator of the observable algebra on a lattice.
We then define its symbol as a function h : C x C — C

_ (w0l

Olw:2) = "Ly

(245)

Note that for any reasonable operator O (including all Hamiltonians we are in-
terested in), this function is continuous. For example the symbols of the ladder
operators are easy to calculate

25w,
= 246
1+ Wiz, (246)
252,
= — 247
1+ Wiz, (247)
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And in components this is

1 2y + Wy
— gt 248
s(w,2) 1 + Wy 2y (248)
= —-— 249
(W, 2) 11+ Wy 2y (249)
1 —w;z
3 TeT
=g 7 250
sy(w, 2) ST on (250)

Using these it is possible to write many Hamiltonians we might want to consider
(including the Ising model later).

4.3 Path Integral Expressions

Conjecture 4.5 (Path integral formula for time evolution). The time evolution from
one coherent state to another can be written as

(o jeitH |y _ J 1(2) exp <—if dTL(z(T),z(T») (251)

0

where

Zl’ 2y — ZgZg

L(z,2) = h(z, =z —|—st T+ )2

zel’

(252)

takes the role of the classical Lagrangian and the path-integral measure is defined as
n—1

L(O)Zzi Du(z)() = [ [+ |22 (0 + |=f]?) n“i%of [TdnzE)()  (253)
T k=1

with the understanding that z(%) — 2F. Note that the prefactor of the measure is
such that one path integral can be split into two as

L(O)- f H 1?1& Lng Dpulz) L@ 1?1)”(2)(.) (254)

2(t)=2" z(s)=w z(t)=z

which agrees nicely with the formula for the partition of unity (lemma 4.2).

Remark 4.6. While this looks similar to the usual path integral expressions of quan-
tum field theory, there are important differences:
1. L = h(z,z) +is), %, which takes the role of a Lagrangian density
18 not the result of a Legendre-transformation of the Hamiltonian. But it is
manifestly real and has the Hamiltonian in it so we will use it.

2. The path-integral measure is not translation invariant as one might be used
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to from ordinary QFT. There is only a rotational symmetry z — €'®z. This
makes actual evaluation on the level of path integrals very tricky as we will
discuss later.

Symbolic Derivation. First, consider an infinitesimal time evolution (so that we
neglect terms O(dt?) and higher).

(wle M| 2y — (w|(1 — idtH)|z) (255)
= (1 —idth(w, z)) (w|z) (256)

= exp (—idth(w, z) + QSZIOg(l + w_xzm)) (257)

T

Now a finite time evolution can be expressed as a limit of infinitesimal evolutions.
We use dt = t/n and plug in n — 1 partitions of unity to get

e (258)
= lim (7|1 - EH)“|zi> (259)

w1 (125
< ()01~ EH)|Zn_1><Zn_1|(1 STy - Tl (261)

Now we use the infinitesimal result and the convention 20 = 2% and 2" = 2/,

CUCRED (262)
n—1 ., n—1

= lim 1 (]_[ J du(zf;)) exp (—Z > h(zkﬂ,zk)) (263)
k =

X exp ( Z:(Zlogl—kzk+1 By = NV log(1 + 2k2F >>
n—1 ) .

= lim (HJdu(zﬁ)) exp (— P ) 1_[ (14 2220)5(zmen 1)

k x

n—1

X exp ( Z Z (log (1+ 2L By +log(1 + zkzF1) — 210g(1 + %zﬁ))) (264)
x

S
B
]

3
—_

S o~
e

S

0

Now assuming the difference Az = zF*1 — 2¥ is small, we can approximate the term

log(...) +log(...) — 2log(...) in first order of Az to get
(& e )20 (265)

n—1
— 1im [ (H f du(zfz)) [T+ 220 (zan) (266)
k

., n—1 n=1 (k1 Nk k(. k _ k-1
X exp (_Zt h(2k+1,2k) I SZ 2 <(Z;c Zx)zx Zx(z 2y ) n O(A22)>>
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Finally we can pass to the continuous limit using z* = 2(73), 7 = kt/n and assuming

(without any rigorous justification) that 7 — z(7) is continuous, i.e. Az ~ 0 and

k k+1

2" ~ 2T This means that the first line is precisely our path-integral measure.

This justifies the substitutions

1 n—1 t
=N h(H 2R - J dr h(z(7), 2(1)) (267)
" k2o 0
t.
(25 = 2) = —Za(), (268)
which immediately lead to the path integral expression we claimed. |

One nice thing about such a path integral expression is, that it can easily be used
to express expectation values of time-ordered operator products. As such, it can
potentially be used to evaluate the right hand side of an LSZ reduction formula.

Conjecture 4.7 (Path integral for time ordered products of operators). Let Oy (ty), k =
1...n be operators located at some times t. Defining the (non-reqularized) time-
ordering of such operators as usual as

Ol(tl)OQ(tQ) t1 > 19

(269)
Og(tz)Ol(tl) t1 < to

T(O1(t1)02(t2)) = {

and assuming the initial (final) time t* (t1) is smaller (larger) than all operator
times, we get the following path integral expression

T (On(tn) ... O1(t1)]28, 19 (270)
~ ooy D) 1 T, 2(01) 00 (BT, 2(0) (271)
2(tH)=2f B
X exp <—z’ Jt dr (h(z, z) +is Z %)) (272)
zel’ x

where the o; are the symbols of the operators O;.

Symbolic Derivation. We assume that the times are already correctly ordered, i.e.
th < t! < ... <t" < t/. For this we can derive the expression on the right hand
side. Then we note that the path-integral expression does not depend on the order of
operators, because the symbols oy, are just functions. This proves that the expression
must in fact be true for the time-ordered product. The idea of the calculation in
the same as in the previous theorem which had not operators in between the initial
and final state. The only difference is in equation (261) where we replace some of
the scalar product with the operators O (ty). |



50 4  Path Integrals and Semi-Classics
()

4.4 Remarks on the Measure
The first difficulty one encounters when trying to actually evaluate the path integral
we derived for some system, is the non-standard measure
2s+1  d?2F

T (14 [52)?

The fundamental reason for this additional normalizing factor is that complex num-

dp(zy) = (273)

bers C, over which z is integrated should not be thought of as an infinite plane, but

as a sphere on which a spin degree-of-freedom can rotate. The factor 0 then

1
1+(2]2)?
simply comes from a stereographic projection of the sphere onto the plane.
Still, it might be worthwhile to get rid of this additional factor in the metric. Com-

pared to the well-known path-integrals from quantum mechanics there is an addi-
25:1W added for each intermediate time 2¥ = z,(kt/n). In the

continuous limit, there are infinitely many such times, so we can calculate

tional factor

. rnol .
JDu(z)e’Sdt L'~ lim H 1_[ du(zl;j)e’lgdt L (274)
e k=1xel’
li Pﬁ H d2 k28 + 1 1 77:Sdt L (275>
= lim z e
N i o (1 +|2k2)2
(7 (L4 N
= lim H H d?2F exp (— log (—‘z)> eifdt L
n—w0 ) T 2s+1
(276)
: L+ 2P\ —ia
— lim | D - drl ifdt L.
it} P( 3 [ (FGETE) )
(277)

This means we can express the path-integral formula from 4.5 with the standard
measure at the cost of an additional regularizing term in the Lagrangian:

(e )2 = Tim f Dzexp( L t dTLV(z(T),z'(T») (278)

where

Zpiy — Zx%m . ™ 2\
LY (z,%2) = h(z,z +zs$; ESPRE w;bg (%—H(1+|zm| ) > (279)
This version of the path-integral symbolically comes close to results like [6, equation
5]. The result in there is mathematically rigorous (using a stochastic integral and
the It6 formula), but is only valid for a single spin, i.e. not a lattice system. Still it
might strengthen the case for our formula, even though we only showed a symbolic
derivation. We will not use this formula any further. In particular because the
way we derived it here, the path-integral seems likely to either diverge or vanish for
v — 0.
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4.5 Semi-Classical Analysis using Euler-Lagrange

One easy way to analyze a path integral is the “stationary phase approximation”:
We realize that (ignoring the intricacies of the path-integral measure), the largest
contribution in the path-integral should be from those paths, where the variation
6, §drL(z, 2) vanishes. This leads to the Euler-Lagrange equations, which we can
further evaluate for our spin system. Note that we will be using the simpler version
of the Lagrangian

L(z,2) = h(z,2) +is ) Fate — ZnZy (280)

and not the regularized Lagrangian L”. Also for this calculation we can treat z
and Z as independent variables. Otherwise we would need to do Euler-Lagrange
separately for real and imaginary part of z, which would lead to the same result in
the end but is much less elegant.

-G - B B (281)
= —z‘s%%‘zww - 57}; - isﬁ + is%% (282)
= 25%% — % — 22’5%’2“2 + zsz% (283)
_ _g_i - 2@'5TZE|2 + 25T 272i|2)2 (284)
__Oh _ 2isk (285)

02z (1+]22]%)2
Note that

1. h generally depends on all z, simultaneously, so this is actually a system of
infinitely many coupled differential equations.

2. In contrast to ordinary quantum mechanics, this differential equation is only
first order, not second. This might make it easier to solve but also means we
can only implement one boundary condition. I.e. we can fix an initial or final
state, but not both. We will come back to this problem in the discussion of
the Ising model.
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5 Example: The Ising model

5.1 Definition and Global Dynamics

The most basic example of a lattice spin system is probably the Ising model, first
discussed by Ernst Ising in 1924. It is often used to describe ferromagnetism in
statistical mechanics, but it will also serve here as a simple example of lattice scat-
tering.

Definition 5.1 (Ising Model). Choose the lattice I' = Z%, and at each site x € I’
the local algebra A, = C2*2. Then for any finite volume A < I, define the local
Hamiltonian as

Hy. = —% (P -1)-e Y ol (286)

ze zyed|z—y|=1

(4)

where oy’ 18 the i-th Pauli matriz located at site x.

Note that setting ¢ = 0 means the sites are not interacting at all, so the spectrum

is simply
Sp(HAp) = —5 3 (Splot¥) 1) (287)
re/
= > {01} ={0,1,2,3,.. } (288)
zeA

with a unique, isolated and translation-invariant ground state ¥, 9 = &, cql+)s
with energy E49 = 0. The following results show that for sufficiently small €, the
EM spectrum does not change too much, in particular, there exists a unique ground
state which is separated by a mass-gap from the remainder of the spectrum.

Theorem 5.2 (Special case of Theorem 1 and 2 in [24]). There are ¢g > 0,c¢ > 0 such
that for all € € (0, €p)

1. Hpe has a unique ground state 1 with energy E .

2. The spectrum of the local Hamiltonians has the following band-structure

Sp(Hpe— Epe) < U {z ] |z —n| < cne}. (289)

nEHA’OCNO

In particular, the mass gap is = 1 — ce which is positive for sufficiently small
€.

3. The unique [23], translation invariant, pure ground state w. = limy_,p <LUA7€|' WA7€>
exists as a weak-* limit.

In order to define one-particle states which are needed to establish asymptotic states
and all the theory outlined in chapter 3, we need a mass-shell which is guaranteed
to exist by the following result.
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Theorem 5.3 (Theorem 4 in [24]). For e sufficiently small, there is a real and analytic
dispersion relation w : I" — R such that its mass-shell is an isolated part of the EM
spectrum.

5.2 Free Ising Model

Consider the Hamiltonian of the non-interacting Ising model (so the spin is fixed to
s = 1/2 from now on)

H = —% ; <a§3) - 1) (290)

The algebra of Pauli-matrices is equivalent to that of the spin-operators, though the
conventional normalization is slightly different. We can identify ag(cl) = 25" and use
relation (250) to get the symbol of H:

Wy Zg
T

Now we will compute the matrix elements of this time-evolution in two different
ways.

direct calculation Just using the well-known exponential of Pauli-matrices we can
calculate

ez = & |l_[exp ot — 1))l (292)
- H<Z§|exp( 3 eXP(—% )22 (293)

= H(zf] exp(— Cos(t/2) +iol) sin(t/2))]2%) (294)

Now we substitute the symbol of ¢(3) = 25 from (250) and also the scalar product
formula from lemma 4.2 to get

_itH | i —it 11— zgz ) i
(T |emitH | = Uexp(T)(cos(t/Q) +zmsm(t/2))< oS zm> (295)

_ H eXp(_Tit)((l Y cos(t/2) + i(1 — 220 )sin(t/2))  (296)
= Hexp (e/? v 2l 2l e ) (297)

= H(l + zxz;,e_it) (298)
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semi-classical approach Now we try to get the same result using path-integrals.
Simply put in our expression of the Hamiltonian symbol into the equation of motion
(285) to get

2087y
0=0,h - 299
iy % Za |2z

_ N _ 300
T+ =l Tl 0+ =) (300)

iip +Zn
= 301
T+ =) (301
(302)

the solution of which is the classical trajectory z(7) = Ae~ 7. For some constant
A. Note that we only have one constant (because the equation of motion was first
order). Therefore it is in general impossible to implement both boundary conditions
2(0) = 2% and 2(t) = 2/. But remembering that the states |z) are not actually
orthogonal to each other , we can get a reasonable result: we implement the initial
boundary condition by setting A = 2(0) = 2, so this will evolve to z(t) = ze~".
Which means that semi-classically,

e ™27 = const - [e7"2") = const - Qe ™24, (303)
xT

And without even looking at the path integral measure we know that the constant
must be equal to one, simply by time-evolution being unitary. This then implies for
the matrix element:

(2 [emH |50y = <zf’e_itzi> = H(l + e_itgz;) (304)
xT
which agrees perfectly with the direct calculation from before.

5.3 Interacting Ising Model

Now we add a nearest-neighbor interaction to our Hamiltonian:

H= —% 3 <a§f’) - 1) —e Y oMoll (305)

x lz—y|=1

Just as in the free case we use the identification ag(ci) = 2S¢ and equations (248)-(250)
to get the symbol of H:

Wy e+ Ty 2y + Ty
hw, z) = Y —2=r 306
(w,2) ;1+w—xzm p3 1+ Waze 1+ W2, (306)

|z—y|=1
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Now, the equations of motion become

2isz,
0=20a.,h — 307
=h(z,2) + 05 22 (307)
2y + Z2 ( 1 52+|zm|2) 2y + 7
= 2 — v Y (308)
(14 ]22]?)? L+ 22 (1+ |2]?)? y;r 1+ |22
|z—y|=1
1 — 2y + 2y
= i, + 7 — 2e(1 = 52 . A (309)
+z?? | ™ ™ ; y; 1+ |22
lz—y[=1

which is a system of complex ODEs of first order. We are not aware of any analytic
solution, though it might well be possible, at least in low dimension. Two final
comments apply

1. In principle it is easy to solve this system of ODEs iteratively in orders of e,
which works as follows. Take the free solution 22(¢) = z,(0)e~* and plug it into the
interaction terms of the e.o.m. This gives a ODE of the form

0 = iZg(t) + 2za(t) — ef (1) (310)

where f is an explicitly known function. This can be solved easy enough (with a
computer at least), to get the first-order solution z.(¢). This process can be iterated
to get higher order solutions. But there is reason to believe that this route can
not produce any useful results for scattering theory, because as previously discussed
expansion w.r.t. € is not the same as perturbation theory w.r.t. some coupling
constant.

2. Assuming we could find a solution of the ODEs, translating it back to the spin
system will always give us a state of the form

[2(t) = Qz(t), (311)

xzel’

which does not have any correlation between the lattice sites. This is not unexpected
of course, as the semi-classical analysis explicitly neglects quantum effects. On the
one hand this means that this route can not give precise results. But on the other
hand it seems reasonable that this semi-classical system is fundamentally easier to
solve than the full quantum theory.
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Outlook

In this thesis we have seen how to do scattering theory following the Haag-Ruelle
approach in lattice systems. It turns out to be remarkably similar to algebraic quan-
tum field theory following the Haag-Kastler approach. We succeeded in developing
a LSZ reduction formula for this setting. Furthermore we derived path-integral ex-
pressions and semi-classical approximations for quantum spin systems, even though
we did not prove these (because the theory of mathematically rigorous path-integrals
is quite involved).

In a future project, we would propose to finally use our new LSZ formula to com-
pute the scattering matrix of a simple system such as the Ising model. An exact
computation is not necessary, just a proof of S # 1 would be very welcome. Such
a proof could conceivably be done in a perturbative way, though one would need to
overcome the problems discussed in section 3.6.

A second proposal might be further investigation of path-integrals in quantum spin
systems. One could try to develop rigorous formulas using stochastic integrals simi-
lar to [6]. On the other hand these formulas will only be useful if one finds practical
methods of computing the non-Gaussian path-integral expressions that appear.
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