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Randomness, a point of view in dynamical systems with applications in

statistical physics and number theory

by Han Yu

Randomness is a long time unclear concept in science. Although in probability the-

ory we have Kolmogorov’s axioms as a rigorous framework, there are deep conceptional

problems in understanding randomness. Think, for example, on a deterministic dynam-

ical system. Although everything is determined by the initial condition, such systems

can be used to model random experiments. In this thesis a dynamical point of view

of probability is discussed. We will also discuss interesting applications of dynamical

systems in number theory, for example Szemeredi’s theorem. From the aspect of algo-

rithmic information theory the concept of randomness of a sequence of codes is highly

correlated to its incompressibility which deals with some algorithmic features. This will

also be discussed in this thesis
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Chapter 0. Introductions, motivations, unfinished work of the thesis 1

0.1 Randomness discussed in this thesis

The main topic of this thesis is about randomness, however, this concept is not clear

even today. There are several different interpretations in different research fields and

regardless of the ambiguity of the randomness used in most of the research fields, the

results we have are usually quite convincing and can be tested in real life. Let’s take

Gibbs formalism in statistical physics as an example. Without doubts, it gives us very

nice results about the properties of some complex systems. The range of application of

this formalism goes from simple ideal gas system to fluid dynamics, and even further

to financial systems. The reason why we could use such formalism in so many different

situations is not yet clear, and sadly, I’m not able to give an answer in this thesis. But

let’s start from the basic foundation of the Gibbs formalism. The main point is not

necessary the special form of Gibbs measure on some certain sets (usually called phase

spaces), but the fact that we do introduce some measure with some certain relation with

the dynamics of the phase space (measure preserving). And then identify the quantities

we can observe or measure by the functions on phase space and treat them naturally as

random variables in the sense of probability theory. We can calculate the mean value,

second order correlations, higher order correlations (from this point the full procedure

of ”diagram” expansions comes into being) , we can study the limiting properties with

respect to some parameters and get the thermodynamic limit. The formalism is mathe-

matical complete, however, there is an open question: Why do we have to introduce the

measure?

In view of probability theory we can treat the measure as probability measure when-

ever it is finite and non-negative. If we want, we can even introduce the generalized

probability as real-valued or even vector-valued measures. Then we adapt our mind

on measures as probabilities and through out the whole theory of statistical physics we

always interpret the measure as probability measure and functions as random variables.

That is nice as it is, but the question in the last paragraph is still open: Why do we

have to introduce the probability?

To make the point clear, let’s notice that probability theory as a mathematical the-

ory is nothing more than finite measure analysis. In the logical point of view we can

one-to-one translate probability theory to finite measure analysis by changing the lan-

guage we use (probability to measure, random variables to measurable functions and so

on).

Now let’s formulate the question in the first paragraph in a clear way:
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Consider a dynamical system (definitions will be given later, but for now we can think

it as Hamiltonian systems). We have two different descriptions, namely, on one hand

the dynamics (for Hamiltonian systems the dynamics are the Hamiltonian flows) fully

describing the system, and on the other hand some probabilistic descriptions. These

two descriptions of the same systems have to be compatible. Then it is not avoidable

that we have to deal with two questions:

1. What is the meaning of probability for dynamical systems which is fully characterized

by dynamics?

2. After we have understood the meaning of probability, are the two descriptions really

compatible?

If these two questions are solved we will have a well founded statistical physics without

any problems in interpretations.

0.2 Measurable dynamical systems

Instead of immediately trying to answer the questions in the end of last section, let’s

first check what kind of object we are dealing with in those questions. First we have a

dynamical system, which will be a set Ω called phase space together with a dynamics

which can be defined as an indexed self mapping T I with semi-group property on the

index. Hamiltonian systems are such kind of object. There we have a phase space in

the usual sense and the Hamiltonian flow as the dynamics (with a real time as one pa-

rameter group). Then we have the probabilistic description which requires us to make

the phase space Ω finite-measurable. The object with such properties is called finite

measurable dynamical systems. We see that in order to deal with the questions in the

end of last section we have a minimum requirement of the object we are dealing with –

the measurable dynamical system (usually whether the measure is finite or not is not a

problem, but what really matters is the structure of the measurable sets).

Now, if we want to interpret probability in frequency sense (as people usually do in

physics), we should study the conditions under which probability is compatible with dy-

namics. That is a difficult part and, up to now, the best general results are the concept

of ergodicity. Ergodicity is not a necessary condition and it is practically very difficult

to be checked. But it is a standalone mathematical topic with a strong power on its own.

The first two chapters will be about the basic concepts of measurable dynamical systems

and the ergodic theory together with some applications in number theory. The third
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chapter will deal with the old issues on Boltzmann’s statistical physics and the objections

of Loschmidt and Zermelo. In the forth chapter we will discuss some certain ergodic

dynamical systems and illustrate the connection between probability and its frequency

interpretation.

0.3 Unfinished ideas and future projects

There are some unfinished works in the thesis, which are:

1. I wanted to set up a duality between the probabilistic formalism and the deterministic

formalism: for every theory with probability involved we can set up a dynamical system

to make the probabilistic theory a deterministic one. So far I can only find some results

on the stochastic processes which are Markov which are nothing new to us (just think

of the simulations of stochastic processes).

2. In chapter 4 I introduce the probabilistic way of solving 1d diffusion equations. This

can be generalized to Harmonic functions. To this point I wanted to generalize the re-

sults further. We can represent the some kinds of differential equations with stochastic

processes, it can be treated as the path-integral method on solving PDE’s.

3. In chapter 2, I introduce the Szemeredi’s theorem and a generalization which is not

very easy to work with. I wanted to derive another equivalent condition which is easier

to check.



Chapter 1

On the Gibbs formalism of

general dynamical systems

Here most of the ideas and formalisms can be found in [1, 2] together with some concrete

examples.

As we are talking about statistical physics, then in most cases we will discuss the Hamil-

tonian systems, while not, we still use some similar formulations, the Ising model for

example is not Hamiltonian system, it is not even a dynamical system, all the things we

have is a certain measure, so if we want to talk about something dynamical it is very

intuitive that we take at least a dynamical system, in this chapter I will apply the Gibbs

formalism on general dynamical systems and discuss some interesting properties.

1.1 The basic mathematical settings

Definition 1.1. By saying a general dynamical system (Ω, T I ,F) means that we have

a measurable space Ω with σ-algebra F and a family of self-mapping T I indexed by the

set I which is assumed to be a semi-group discrete or continuum(means the cardinality

of the set I is either at most countable or the same as R)and the family of self-mapping

T I form a one parameter semi-group.

Usually, Ω is called the phase space and T is called the dynamics. Classical mechanics

is a perfect example of such object, where the phase space Ω is been understood in a

usual way and the dynamics T in this case is the Hamiltonian flow.

Here no further information of the measure on Ω and the connection properties between

the self-mapping family T I is required, just to keep the notion general and when needed

4
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i will clarify those properties.

Definition 1.2. By saying that the family of self-mappings T I is measurable means

that:

∀i ∈ I and ∀A ∈ F we have (T i)−1(A) ∈ F .

By saying that the measurable family of self-mappings T I is non-singular with respect

to a given measure µ on Ω means that:

µ((T i)−1(A)) = 0 whenever µ(A) = 0 provided that A ∈ F .

By saying that the measurable family of self-mappings T I is invariant with respect to a

given measure µ on Ω means that:

µ((T i)−1(A)) = µ(A) provided that A ∈ F .

It is clear from the definition that the invariance implies the non-singularity.And the

non-singularity can be seen as follows if we introduce a result from measure theory:

Theorem 1.3. If we define a new measure λ by:λ(A) = µ((T i)−1(A)) where T I is non-

singular then measure λ is absolutely continuous with respect to the measure µ in the

sense that ∀ε 
 0 ∃δ 
 0 such thatλ(A) � ε whenever µ(A) � δ

The proof of the theory with some generalization can be found in [3] Theorem III.6.15

1.2 The Gibbs formalism

The Gibbs formalism(or Gibbs theory,Gibbs method,Gibbs approach) on statistical

physics is mainly about the ensembles,namely,when taking Hamiltonian system for exam-

ple,we give the phase space often denoted by Γ a measure which is absolutely continuous

with respect to the Lebesgue measure which is invariant under the Hamiltonian flow by

the theorem of Liouville and moreover the measure(canonical, micro-canonical) are all

invariant under the Hamiltonian flow.If we do not ask sharp questions on the physical

meaning of this formalism, it is a well-defined mathematical structure which this frame-

work it is possible to formulate the thermodynamic limit in a very precise manner.

But however,Gibbs formalism faces a hard time in finding the description of non-

equilibrium,a question often appear is that what it means by saying the system approach

to equilibrium,this question is something related to the dynamics of the system,and there

are much to say about that both philosophically and mathematically.

Here i follow a naive idea that if we identify the state of a system by ”distribution”
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namely,some general ensemble on the phase space,then it is possible to understand and

study the change of the ”distribution” under the dynamics,and it is also possible to

formulate the ”approach to equilibrium” in this sense.Philosophical discussions will be

given later.

1.3 The induced dynamics of the distribution

As stated above,the ”distribution” is in some sense identified with the state of the sys-

tem,this identification is debatable of course but nevertheless in some books for example

[4] both on mathematical aspect and physical aspect it is assumed the by saying the

state it means some certain distribution.

Definition 1.4. By saying a distribution of the dynamical system (Ω, T I ,F) it means

a non-negative finite measure µ on the space Ω.We can further normalize the measure

to a probability measure.

Then from a theorem from Radon-Nikodym we can identify the set of all the normalized

measure absolutely continuous with respect to µ with the set of all L1 functions with

L1 norm 1.

Again from that theorem,if we have a non-singular family of self-mappings T I for each

i ∈ I we can define a absolutely continuous measure with respect to µ and in addition it

is normalized since (T i)−1(Ω) = Ω Which means we can find a L1 function fi correspond

to the new measure.

From this we can see that the dynamics T I induces a dynamics on the L1 space.However

if we want to introduce the dynamics related dynamics of the L1 space there is another

choice namely we can define T i∗(f)(ω) = f(T i(ω)) later we will see the relation between

these two ways of defining change of L1 functions.

Definition 1.5. Let (Ω, T I ,F) be a dynamical system with measure µ on Ω,then for

every L1 function f with non-negative value we can define fi for each i ∈ I by Radon-

Nikodym theorem.The new function fi is still in L1 and
∫
A fidµ =

∫
(T i)−1A fdµ for every

A ∈ F it is unique up to the value on a zero measure set.Denote this transformation of

L1 functions induced by the family of self-mappings T I by T I
∗
.

With the same settings,the transformation T i ∗ (f)(ω) = f(T i(ω)) is denoted by T I∗

Notice that the definition using Radon-Nikodym is just the same as the conditional ex-

pectation in probability theory.
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Here are some properties of T I
∗
:

Lemma 1.6. For any i ∈ I the T i
∗

is linear,positive and L1-norm preserving opera-

tor,and for different i ∈ I it is a one parameter semi-group,which is called the Frobenius-

Perron operator associated with the dynamics T I .Simply denoted by P I .

The T I∗ is also linear and positive and form a one-parameter semi-group act on any

functions in particular L∞ and it is often called the Koopman operator.

The Koopman operator and the Frobenius-Perron operator as seen as operators act on

the mutual-dual spaces,are adjoint to each other.

The proof can be found in [1] together with some concrete examples of the explicit form

of the operator for some certain dynamical systems.

The intuitive idea behind this is that the probability of some set in current time comes

from the probability of the set in some previous time.

1.4 Ergodicity,mixing,exactness and the evolution of the

distributions

Before the discussion of this section,i will have to say that this is just some mathemat-

ical formulation which is also interesting in some other mathematical sense but it is

not necessarily related to any physics, there a lot of disagreement on this approach to

non-equilibrium physics which i will state later.

Since the proofs in this section are not trivial with some technical method which are

not related to the topic under discussion and moreover they can be found in [1], [2], [5]

and other books on the topic general dynamical systems,it makes no sense to copy them

here since i want to focus on the overall structure of this formalism.

Nowadays there are different definitions about the ergodicity,mixing, exactness and so

on,those definitions are all equivalent otherwise they will not at the same time be the

definitions of a same concept,detail discussions are hold in [5], [6], [7] as well as [1].

By simplicity here for the family of self-mappings i consider the discrete case,for contiu-

ous case or even more general semi-group with a lattice structure the formulation are
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similar.

Definition 1.7. Let (Ω, T,F) be a dynamical system with a measure µ on Ω and the

family of self-mappings is non-singular with respect to µ.

By saying that the system is ergodic it means that whenever we have a invariant set

with respect to T we have either µ(A) = 0 or µ(A) = 1.

By saying that the system is mixing it means that µ is invariant and moreover whenever

we have two measurable sets A and B we have limn→∞ µ(A ∩ T−n(B)) = µ(A)µ(B).

By saying that the system is exact it means that µ is invariant and moreover for any

measurable set A we have limn→∞ µ(Tn(A)) = 1

Notice that it is possible to see that ergodicity is strictly weaker than mixing which is

againg strictly weaker than exactness.

Since in all the definitions above the non-singularity is assumed,which means it is possible

in all those cases to define the Frobenius-Perron operator,and indeed all the properties

of the dynamical systems listed above can be translated to the properties of the op-

erators.To be precise,the existence of the fix points,the uniqueness of the fix point,the

limiting properties towards fix points.

Theorem 1.8. If the system is ergodic then the only fix point of the Frobenius-Perron

operator is almost everywhere constant,in the case of probability measure the constant is

1,and the converse is also true.

If the system is mixing then the Frobenius-Perron operator has the property,for all dis-

tribution functions f ,we have limn→∞ T
n∗f = 1 in the weak sense and the converse is

also true.

If the system is mixing then the Frobenius-Perron operator has the property,for all dis-

tribution functions f ,we have limn→∞ T
n∗f = 1 in the strong sense and the converse is

also true.

These three equivalence can be seen also as:

Theorem 1.9. If the system is ergodic then the only invariant measure which is con-

tinuous with respect to µ call it λ is such that

λ(A) = limn→∞
1
n

∑i=n−1
i=0 µ(T−n(A))

If the system is mixing then the measure µ is the only invariant measure and if we
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have any initial measure continuous with respect to it, then the dynamics induced by

Frobenius-Perron operator will weakly converge to µ

If the system is mixing then the measure µ is the only invariant measure and if we

have any initial measure continuous with respect to it, then the dynamics induced by

Frobenius-Perron operator will strongly converge to µ

The construction of the Frobenius-Perron operator with the help of Radon-Nikodym

theorem seems to be very abstract but however if we take a deep insight into the con-

struction we can see that if we get a new distribution function at some time n from

the old distribution function at time 0,then the probability measure induced by the

distribution is such that at time n the new probability measure of a set A is the old

probability measure of set T−n(A),in some physics sense,for example in the construction

of Boltzmann equation or in general Liouville equation in statistical physics the idea of

the change of the distribution in phase space is exactly the construction of Frobenius-

Perron operator in continuous time case.

However nice and simple the mathematical structure this formalism is,it has no good use

inside physics,so far the only Hamiltonian system contains arbitrary number of particles

which is proven to be ergodic is the ideal gas system contained in some regular box called

billiard see [8].Then what we want to ask is that what if we are dealing with some other

systems,for example gas with interactions,or we want to understand the property of the

system when the number of particles is large.From the basic setting of this formalism

we can see that properties such as ergodicity,mixing or even exactness is what we call

structural unstable,namely,it depends highly on the form of dynamics,in the discussion

here is that the form of interaction matters a lot.And this formalism has a starting

point of a given dynamical system,namely,different particle number will give different

systems,in this sense we can not study any properties dealing with the tendency when

the number of particle is large.

But nevertheless,this formalism is a precise mathematical object,even facing difficulties

in describing the real physics systems,it has some mathematical interest itself.

Here is just the beginning of the discussion of dynamical systems, we do not need to treat

them as real physical systems, for example ergodicity is quite a mathematical clear but

physical useless property, however all the formalism above took the ideas from physical

systems, but the real physical systems are so complicated that this kind of approach

has a limit of reachability in the sense we can not really check any dynamical properties

introduced above easily for real systems, but nevertheless the formalism itself is very

rich in mathematics, and in the next chapter we will see a interesting application.



Chapter 2

Some words on general dynamical

systems

As appeared in the discussion of although non-physical Gibbs formalism of general dy-

namical systems,there are several interesting aspect of the properties such as ergodicity

and mixing.

The concept of ergodicity was first introduced by Boltzmann himself in order to fight

against some disagreement of his statistical mechanics,on of which is the Poincare re-

currence ”paradox” which implies that for a general dynamical system with finite mea-

sure,then arbitrarily chose a measurable set,then almost all the points in this set will

return this set even infinitely many times,for the precise discussion of this Poincare re-

currence lemma see [6],Boltzmann replied with the idea that,it is true that our system

will return back to its origin or infinitely near to origin,but the time we have to wait is

very long,much longer than the time scale we are interested in the system.

An interesting mathematical model for this argument is the so-called Kac ring model

see [9],which gives an explicit discrete dynamical system,and with a argument that for

most of the initial conditions,the system will approach to equilibrium and stay for long

time,but it will return to non-equilibrium in finite time which is much larger than com-

pare to the time tend to equilibrium.

Borrow this into realistic system,we can say(guess) for example a drop of ink in the wa-

ter,when we consider the drop of ink in the water as a Newtonian system with different

color hard balls(which fulfill the condition of Poincare recurrence) then for ”most of”(in

the sense of measure,usually use the Maxwellian distribution on the velocity space) the

initial conditions the drop of ink will spread over the water and reach a equilibrium when

the ink is near uniformly distributed and stay for a very long time such that the time

when we can observe the system form back to a drop of ink will be too long such that

no one can even observe it(for example longer than the age of universe).However,notice

10
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that the system of drop of ink in water when considered as Newtonian system of hard

balls is a well defined system which in principle we can calculate everything we want,but

such work is very difficult not to mentions that it will give any convincing result,because

then real system is not necessary Newtonian system with hard balls,there are complex

interactions or even quantum effects.

But this can not prevent us from talking about ergodicity as an interesting mathematical

concept.Boltzmann’s idea is that the system will go through most of the possible states

before it returns,and since the phase space will be very large when we have large number

of particles the recurrence time is considerably long.

Notice that the definition of ergodicity introduced in the previous chapter is different

than the Boltzmann’s original idea,but as we will see,under some conditions they will

be compatible.

Theorem 2.1. Let (Ω, T,F) be a general dynamical system,in addition Ω has a topology

structure,and the measure µ on Ω is regular with respect to the topology,in the sense that

F contains the Borel sets induced by the topology and for any measurable set A ∈ F we

have µ(A) be the supremum of the measure of the compact subsets of A and the infimum

of the measure of open sets containing A.And non-empty open sets has positive measure.

Then if the system is ergodic and continuous and open and we assume the µ to be the

invariant measure(we can do that because the regularity is preserved if we change the

measure to another one continuous with respect to it),then the only continuous real valued

functions invariant under the dynamics induced by the Koopman operator are constant

function.And all the trajectories will be dense or no where dense.And the trajectory of

any open set is dense.

Proof. The first statement is easy to see since the ergodicity implies that then invariant

functions are constant almost everywhere,with continuity the zero measure set on which

the function is not equal to that constant is open thus it is empty.

For the second statement,notice that any trajectory is an invariant set,since the dynamics

is continuous the closure of the trajectory is also invariant,so is the complement of the

closure of the trajectory denoted by C which is open.So there are two cases namely

µ(C) = 1 or µ(C) = 0,in the first case we have C ′ is no where dense,in the second we

have C = φ so C ′ = Ω,which are precisely the two cases in the statement of the theorem.

For the last one,notice that the trajectory of any open set will be a union of open sets

thus open,it is invariant so it has either measure 1 or 0,it can not has measure 0 since it

is a non empty open set,so it has the full measure,which means it will be dense.
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2.1 ergodicity,some interesting results

There is a very important results about the ergodic systems connected with a theorem

from Birkhoff.For proofs see [3] Chap. 8

Theorem 2.2. For a measure preserving dynamical system (Ω, T,F) with measure µ

and for any real valued L1 function f ,we have the limit

f∗(ω) = limn→n
1
n

∑i=n−1
i=0 f(T i(ω)).

exists for almost every ω ∈ Ω and in addition f∗ ∈ L1

More over if the system is ergodic with measure µ assume to be the ergodic measure(the

invariant measure of ergodic system) then we have in addition f∗ is almost every constant

and this constant is equal to
∫

Ω fdµ

Notice that once we have a topological dynamical system and we are interested in con-

tinuous functions then the almost everywhere can be replaced by everywhere.For an

mathematical interesting application of this theorem see [10],the Furstenberg’s ergodic

approach to Szemeredi’s theorem which has then an important application to Green-

Tao’s theorem on the existence of the arbitrary long arithmetic progressions of prime

numbers see [11].

The application in number theory seems too mathematical,but however non-physically

relevant it seem to be the idea of ergodicity and all those formalism with dynamical-

theoretic description have some surprisingly non-trivial applications.One of which i will

talk about later on the stochastic modelling.

2.2 More on recurrence

As already mentioned before, a recurrence theorem by Poincare was used by Zermelo to

object Boltzmann’s H-theorem. The Poincare recurrence theorem can be stated as:

Theorem 2.3. For a measure preserving system (Ω, T, µ) with finite measure µ on Ω,

let A ⊂ Ω be a measurable set, then for almost every point ω ∈ A there exist a number

n(ω) such that Tn(ω) ∈ A, where ”almost every point in A” means that the set of points

which do not have the property above is measure 0 by µ.

Here the dynamical system is a time discrete system, the theorem also holds for time

continuous system by observing that for any time continuous system (Ω, T τ , µ) we can
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get a new time discrete version (Ω, T 1, µ) and the recurrence property for a specific dis-

crete time implies the recurrence in general.

The proofs can be found in [5].

Now let’s apply this theorem to Hamiltonian system of particles moving in a finite space

with finite measure on the velocity space (This condition is satisfied for micro-canonical

measure for systems with bounded energy surface), let’s start the system at time 0 with

a certain initial condition, denote this initial condition by ω0 then we can find a ball

on the corresponding energy surface denoted by Bω0 with arbitrary small radius, then

what we know from the theorem is that there exists a point in that ball ω ∈ Bω0 which

will return back to Bω0 after some time t(ω), since we are now discussing a continuous

system which means that there is a ball around ω denoted by Bω with the property that

Ht(ω)(Bω) ⊂ Bω0 where Ht is the Hamiltonian flow. So whenever there is a recurrence

point ω there is a recurrence open neighbourhood around that point with at most the

same recurrence time t(ω), we know also that the set of recurrent points has the same

measure as Bω0 , then by the regularity of the measure with respect to the topology

(restricted to the energy surface), we can say that all the points in the ball Bω0 are

recurrent and in particular ω0 itself. Since in the beginning we can choose the ball as

small as we want, which means that our system will return back to its origin as close as

we want.

Now we know that the system will return near to its origin, and Boltzmann’s H-theorem

states that for a certain function the value of the function induced by the Hamiltonian

flow is never decreasing, the function constructed is also continuous except on some

measure 0 set, then we can see that the function can not be increasing as well. So

the argument here for entropy (which is related to the certain function constructed by

Boltzmann) increasing is not valid. Or we get the conclusion regardless of the initial

conditions our the H-function will be always constant, but Boltzmann also stated that

for there exist the situation where we have strictly increasing H-function, then we have

a contradiction.

By logic, we know whenever we have contradictory statement under some logic structure,

then they can not both be true, otherwise our logic structure is not self consistent and

can be used to derived everything which is absurd. If we look back to Boltzmann’s argu-

ment of the H-theory we can find the problem. The H-theorem is based on Boltzmann’s

equation, which is the change of distribution induced by Hamiltonian flow UNDER

SOME APPROXIMATIONS (to make this point i will open another chapter to discuss

that), means that the Boltzmann’s equation is an approximation of the Hamiltonian

system, which is not exact up to arbitrary order of preciseness, and if we describe the

system using Boltzmann equation then after some time it will not be a proper descrip-

tion. However the Zermelo’s objection is based on the exact Hamiltonian flow, and it

gives the recurrence property, so the objection of Zermelo does not really contradict
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with Boltzmann’s approximated H-theorem. (Similarly we can also use this argument

on the Loschmidt’s objection)

So we see that how mathematics turned physics down, although in this case there is ac-

tually no contradictory. Recurrence property is a interesting topic of dynamical systems

but maybe not in the physics sense, in fact we have some worse behaver of Hamiltonian

system, first we can fix some small number ε and introduce the time discrete system

(Ω, T ε, µ), then we can see that if we observe the system in a not very proper time there

will be a very strange behaver in the following sense:

Lemma 2.4. For the system (Ω, T ε, µ) stated before can we start the system at an ar-

bitrary point ω, then let Bω a ball with small fixed radius, then for every nature number k

there exist nature numbers M(k), d(k) such that TMε(ω), T (M+d)ε(ω), T (M+2d)ε(ω)....T (M+(k−1)d)ε(ω)

are all inside Bω

This lemma follows from a more general theorem by Furstenberg which will be stated

later, is called the multiple recurrence property.

From this we can see that if we observe the system in some successive time points with

equal delay then the system will seem to be frozen, but it is not really physically inter-

esting since the waiting time for this to happen maybe very long.

The Furstenberg’s theorem can be seen as some extension of Poincare’s recurrence the-

orem.

Theorem 2.5. For a measure preserving system (Ω, T, µ) with finite measure µ on Ω,

let A ⊂ Ω be a measurable set with positive measure, then for any natural number k:

lim infn→∞
1
n

∑i=n
i=1 µ(A ∩ T−i(A) ∩ T−2i(A) ∩ T−i(A)... ∩ T−ki(A)) > 0

Notice that the positivity of the liminf will guarantee the existence of a positive term

of form µ(A ∩ T−i(A) ∩ T−2i(A) ∩ T−i(A)... ∩ T−ki(A)) for some nature number i, the

apply this result to Hamiltonian system we can get the result of the lemma before.

The whole proof of this theorem will be not suitable to be included here, for the original

proof see [10], for the proof with fully motivated examples see [12].

2.3 Furstenberg’s theorem and the Szemeredi’s theorem

From Furstenberg’s theorem we can derive an interesting number theory theorem which

was conjectured by Erdös and Turán, which stated that a set of number with some
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certain property contains arbitrary long arithmetic progressions, actually the conjecture

was state as:

1.(unsolved)For A ⊂ N if
∑

a∈A
1
a diverge then A contain arbitrarily long arithmetic

progressions.

2.(solved) For A ⊂ N with upper Banach density it contains arbitrarily long arithmetic

progressions

Definition 2.6. For A ⊂ N with upper Banach density it means that,

lim supn−m→∞
|A∩[m...n]|
n−m > 0

The first one is still unsoved and the second one was proved by Szemeredi and it is

now called Szemeredi’s theorem, it is actually possible to prove Szemeredi’s theorem by

Furstenberg’s theorem.( here i followed Einsiedler)

Proof. Consider the space of all one side infinite 0,1 sequence Ω with dynamical shift T ,

then it is possible to define a sequence with a property ωi = χi∈A where A is a subset

of natural numbers with upper Banach density. Call this sequence ω.

It is possible to introduce the topology on Ω as the product topology of the discrete

topology of {0, 1}, which will make Ω compact and metrizable.

Now take the sequence ω which is a point in Ω and take the closure of the trajectory

Tra(ω) = cl{Tn(ω), n ∈ (N+)}.
Now the closed subset of Tra(ω) ⊂ Ω is also compact and metrizable, so if we intro-

duce the Borel algebra on Tra(ω) which can be seen as the Borel algebra restricted on

Tra(ω), then the space of probability measure will be weak*-compact since it is actually

a closed subset of the unit ball of the dual space of C(Ω).

Now we can define a open subset of Tra(ω) as:

U = {ω′ ∈ Tra(ω)|ω′0 = 1}.
Let δm denote the singular (Dirac) measure of point Tm(ω), the it is possible to see that:

the measures of the form:
1
b−a

∑m=b
m=a δm for a, b positive natural numbers will contain limit points by the weak*-

compactness of the space of probability measures and we have that there will exist a

subsequence of 1
b−a

∑m=b
m=a δm with

limi→∞
1

bi−ai
∑m=bi

m=ai
δm(U) > 0 by the upper Banach property of A.

And after choosing a further subsequence we can have a weak* limit point of 1
bi−ai

∑m=bi
m=ai

δm

denoted by µ, and it is invariant with respect to the shift T .

We can then apply Furstenberg’s theorem on set U with µ(U) > 0,

lim infn→∞
1
n

∑i=n
i=1 µ(U ∩ T−i(U) ∩ T−2i(U) ∩ T−i(U)... ∩ T−ki(U)) > 0

For any k ≥ 0.
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R = U ∩ T−i(U) ∩ T−2i(U) ∩ T−i(U)... ∩ T−ki(U) is then a positive measure set for

some i, and it is not empty because it has positive measure, and every point ω′ ∈ R

will has the property that T qi(ω′) ∈ U which means ω′qi = 1 for q any integer between

1 and k, now because ω′ is in the trajectory closure of point ω, which means any open

neighbourhood will contain points of the trajectory of ω, since the open neighbourhood

in this case is defined by the product topology so in particular we can see this is to say

that every finite segment of ω′ will appear somewhere in ω, so in particular we have in

ω with some number l such that:

ωl = ω′i = 1, ωl = ω′i = 1, ωl+i = ω′2i = 1, ..., ωl+(k−1)i = ω′ki = 1.

Now form the definition of point ω it is possible to see that l, l+ i, l+ 2i, ..., l+ (k− 1)i

are all in A

A small extension:

Since the mean point in this proof is that there exist some limit invariant measure that

gives the set U a positive measure, so we can get a generalized form of the condition of

a set of natural numbers that contains arbitrarily long arithmetic progressions:

Corollary 2.7. Let A ⊂ N+, then if there exist a non-negative function

c : N+ × N+ → R such that:

1.For every N ∈ N+,
∑N

s=1 c(s,N) = 1,

2.lim supN→∞
∑N

s=1 c(s,N)χA > 0,

3.lim infN→∞
∑N

s=1 |c(s,N) − c(s − 1, N)| = 0, with the understanding that c(0, N) =

0 = c(N + 1, N).

Then, in A we can find arbitrarily long arithmetic progressions.

Proof. We can replace the special choice of 1
bi−ai

∑m=bi
m=ai

δm in the proof of Furstenberg’s

theorem by∑m=N
m=1 c(m,N)δm, then the first property said that it is a probability measure, the

second one said that we can find a subsequence Ni that
∑m=Ni

m=1 c(m,Ni)δm(U) > 0, then

the third property said that among the subsequence Ni we can find a subsubsequence

such that the the limit measure is invariant.

Then all the steps will stay unchanged.

The conditions of the corollary are not necessary, there are several even weaker condi-

tions can be found. Which can make it possible to apply the theorem on the smaller set of

numbers which does not have upper Banach density, for example prime numbers see [11].
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So we can see that although turned down the physicist Boltzmann, recurrence theorems

is still interesting and strong enough to have some application somewhere else.

The Erdös and Turán conjecture was mainly intended to show that there exist arbi-

trarily long arithmetic progressions among prime numbers, however the set of prime

numbers does not have upper Banach density as we can see by the famous prime num-

ber theorem, that was the point of the first conjecture, the sum
∑

p
1
p diverge for the set

of prime numbers but the conjecture is still unsolved.

In 2004, Green and Tao used a generalized and extended version of Szemeredi’s theorem

to prove there existence of arbitrarily long arithmetic progression among primes with-

out using the Erdös and Turán conjecture, their idea is to construct another measure

on numbers other than the standard counting measure (as can be seen in the corollary

with the function c(s,N)), then proved a corresponding Furstenberg’s theorem on the

manipulated measure, then argue that the counting measure for prime can be majorized

be the manipulated measure and showed the existence of arbitrarily long arithmetic

progression among primes.

The proof of the existence of arbitrarily long arithmetic progressions in primes is not

very simple but with the help of the corollary we can have some other conditions for

sequence of integer to have arbitrarily long arithmetic progressions.

Definition 2.8. For a sequence ai, we denote the corresponding difference sequence

di = ai+1 − ai, then define the sequence bi = di
ai

Theorem 2.9. If lim supm,i→∞

1
ai

+ 1
ai+1

+ 1
ai+2

+...+ 1
ai+m

1
bi

+ 1
bi+1

+ 1
bi+2

+...+ 1
bi+m

> 0, then ai contains arbitrarily

long arithmetic progressions.

Proof. For such a sequence ai, we can construct a sequence probability measure on

integers which translated into the dynamical system of the shifting sequence will contain

a invariant weak*-limit measure that gives us positive measure on some certain set U .

Namely to construct a function c : N+×N+ → R satisfying the conditions of the corollary

2.3.2.

Let’s choose any natural numbers m, i, then choose the m-segment of ai, then we can

firstly assign to each number in the range [ai, ai+1) number 1
ai

, then for the rest number

we do the same thing, namely, function c′(s) = 1
aj

for j ∈ [aj , aj+1) where j = i, i +

1, ..., i + m − 1 for other numbers set c′(s) = 0, then we can normalize the function c′

by multiplying a factor 1
1
bi

+ 1
bi+1

+ 1
bi+2

+...+ 1
bi+m

, where the bi sequence is defined in the
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definition 2.3.3. So c = 1
1
bi

+ 1
bi+1

+ 1
bi+2

+...+ 1
bi+m

c′ is a probability measure, and denote it

as cm,i.

It is then easy to check that:

cm,i(i) + |cm,i(i + 1) − cm,i(i)| + ... + |cm,i(i + m − 1) − cm,i(i + m)| + cm,i(i + m) =
1

1
bi

+ 1
bi+1

+ 1
bi+2

+...+ 1
bi+m

2
ai

,

from the fact that ai is an infinite sequence we can actually see that the condition 3 of

corollary 2.3.2 for sequence of measure cm,i will be satisfied but then the condition 2

in the corollary 2.3.2 will be literally the condition in theorem 2.3.4, which means for

sequence satisfy the condition of the theorem there exist sequence of measure satisfy the

condition of corollary 2.3.2. Which means that it will contain arbitrarily long arithmetic

progressions.

It is possible to check that actually the set of primes will not satisfy the condition of

the theorem, in this sense the condition of the theorem is still too strong. But it is

nevertheless an easier to check property than the condition of corollary 2.3.2(which is

still not a necessary condition).

So much on number theory, so the physical uselessness of the formalism of ergodic

theory or general dynamical systems can not stop us producing some more physical use-

less mathematical theorems. For next chapter, I will go back to talk some old issues of

statistical physics, and the only argument from the first two chapters is that the Liou-

ville equation of Hamiltonian systems is actually the Frobenius-Perron operator act on

the L1 space on phase space, the long detour of number theory will be not used.



Chapter 3

Stochastic description—some

general discussions

After some detour in mathematics, I will go back on physics.

Regardless of the interpretations, the probability or stochastic description in physics is

just introducing some non negative L1 functions on some certain spaces and discuss the

behaver of the L1 under the dynamic flow, this formulation is clear in mathematics but

not clear in our mind, usually we think of a distribution as some chance related concept,

but here the L1 functions are not actually the same of what we mean by ”chance”,

indeed, there are still a lot of debate on the meaning of probability, here in this chapter,

I will introduce the L1 version of stochastic description of physics.

3.1 Idea of uncertainty–unnoticed but remarkable revolu-

tion in science

If i have to name a difference in mathematics between now and 200 years earlier

i would say that nowadays we have a precise MATHEMATICAL theory on uncer-

tainty,namely,probability theory.After Kolmogorov’s famous booklet see [13],probability

theory as a axiomatic theory grows very fast,the law of large numbers,central limit theo-

rem,limiting properties in different cases,theory of stochastic processes...are now applied

in a lot of research field other than mathematics for example statistics,economics,finance

as well as physics and actually probability theory are all in the very central part of those

research field.

Indeed,the stochastic way of thinking become more and more important nowadays.For

example in physics,in addition to the statistical physics which i will talk about more

19
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in detail later,the idea of quantum physics is also kind of stochastic philosophy,in the

non-relativistic quantum mechanics,the wave functions has the Born probability inter-

pretation,and the description of the real world is based on the probabilistic way,the

physical quantities are random variables whose distribution is determined by the wave

function and the evolution is also determined by the evolution of the wave function,in the

theory if we focus on a single quantity,we can describe the quantity as a non-stationary

Markov process.As for the modern version of quantum physics,the quantum field the-

ory,the starting point is trying to give some wave function of the field,but the whole

point inside is really that we have some random field whose distribution is determined

by the ”state”,and we have a time evolution of the state derived from the operator sense

Lagrange formulation,all the interesting physical quantities can be also seen as stochastic

process,and the description of scattering process is based on the so called cross section

which is the transition kernel of the stochastic process.Notice that the idea of probabilis-

tic cross section is not original from quantum physics,Maxwell in one paper, see [14],

discussing the heat equilibrium characterized the interaction between the gas particle

and the wall as random cross section and then people in kinetic theory of gas and fluid

generalized this idea to the so called scattering kernel,and use this we justify the validity

of Boltzmann H-theorem as well as the entropy property of fluid material,see [15] for

more and precise details.

All of a sudden,the probability theory occupied every part of science with or with-

out being noticed by the researchers,but the word probability has no unique meaning

in science,there are still different understanding on that.For example,in most cases,the

probability in reality means the frequency of the appearance of some event in large

number of repeated experiments,as in the sentence when throwing one dice 10000 times

there are 1/6 of them has number 1 and we say the probability of the appearance of

number 1 after throwing a dice is 1/6.But there are also other sentences containing

probability as we always see in the weather report,the probability of raining is 0.4,that

makes no sense in frequency since it is not repeatable,so the number 0.4 is just some

level of confirmation.This approach is known as the epistemic interpretation of probabil-

ity theory.But those interpretations make no difference in the mathematical framework

of probability theory,since the mathematical probability theory is just the analysis on

finite measure sets which has no meaning in any real phenomena,there is NO dynamics

inside,even the theory of stochastic process is just a generalized(or specified) version of

probability theory in the sense what we measure are sets of functions(paths).Law of large

numbers,central limit theorem can be seen as the result of finite measure analysis,there

is no dynamical relevant issue,i will discuss more on this topic later.Now i state that,the

pure probability theory makes no sense in real world in describing ”random” phenom-

ena,although it seems to be really convincing and it is also very developed theory but a
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lot of mathematicians and has some great application in the real world as well as in math-

ematics itself,but it is not quite the right way of describing the real phenomena.Actually

Kolmogorov himself in the end came up with the idea of so called Kolmogorov machine

to describe the ”randomness” to justify the validity of his axiomatic approach to proba-

bility theory,which is very abstract and nowadays not so many people really care about

that compare to the number of people who use his idea of probability theory.In this

thesis i would like to give some intuitive description of the validity of several stochastic

modelling in real life with some not so abstract settings.For a nice discussion of this

topic see [13]

To see an example when dealing probability with physics,i will talk about the statistical

physics which bare the name from probability theory.

3.2 Magic ”distribution” in physics–From Boltzmann equa-

tion to BBKGY hierarchy

Maybe it is just a coincidence,from the last 100 years,the idea of uncertainty appears at

almost the same in different branches of physics and they all lead to some new under-

standings about the physical world.Statistical physics appears a little bit earlier than the

axiomatic probability theory but later the Gibbs approach appears after the foundations

of mathematical probability theory and after that there appeared so called mathemat-

ical statistical physics with highly abstract algebraic approach within the formalism of

Gibbs.Boltzmann himself,in the end,in his famous H theory,introduced the density func-

tion in µ-space to characterize the state of gas system,and then study the dynamical

effect of the gas induced on the change of the distribution functions,after some approx-

imation with some probabilistic thinking,he got in the end the Boltzmann equation see

[16] or [17] or [18] for precise details.

Nowadays there are still different believing on the foundations of statistical mechan-

ics,those holds the idea against Gibbs usually says that Gibbs formalism lacks reason-

able interpretation while Boltzmann’s idea is clear in physical sense.But,notice that,in

the end in Boltzmann’s H theorem the logic or mathematical structure is actually the

same as Gibbs formalism,the (probability)distribution on µ-space will induce a (prob-

ability)distribution on Γ-space after some symmetry discussion of distinguishable or

non-distinguishable particles,and the precise idea of constructing Boltzmann equation

can be seen as the Frobenius-Perron operator induced by the Hamiltionian flow with

some approximations(mainly the molecular chaos hypothesis),this idea stands now in a

central position in today’s study of the foundation of hydrodynamics,transporting pro-

cess in materials(for example in non-ideal gases) see [17].
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And as always any discussion on the discussion of Boltzmann’s approach to statistical

physics will mention the famous Loschmidt and Zermelo’s ideas against Boltzmann see

[19].But we have to admit that,in the level of philosophy this discuss would make sense

because if we do not care about the precise formulation then the ideas become pure philo-

sophical and generalized.If we just take Boltzmann’s H theorem as Boltzmann’s argu-

ment to the irreversibility and the entropy increasing phenomena,then neither Loschmidt

nor Zermelo’s critisism would apply,because the approximation in the construction of

Boltzmann equation already changed the situation,Boltzmann equation of distribution

function is not precise change induced by Hamiltonian flow,but if we want to say the

change of distribution is induced by some dynamics it is not Hamiltonian but rather

some ”random” dynamics which is not invertible,and moreover the H theorem states the

evolution of the value of a functional act on the function space on phase space instead

of the value of a function on phase space,the behaver of individual trajectory on phase

would not affect the functional directly.

Since the main point of the above discussion of Boltzmann equation is that it is not the

precise equation concerning the change of distribution,so what if we make it precise and

clear,indeed,there are some treatment on this topic,for example the BBKGY hierarchy

(see [17] for more detail)the main idea of the BBKGY hierarchy is to write down the

precise version of Boltzmann equation without the statistical assumptions,the starting

point is the Liouville equation of Hamiltonian system:
dρ
dt +

∑
(q̇i

dρ
dqi

+ ṗi
dρ
dpi

) = 0 where the sum is over all the particles.This is a particular

case of the Frobenius-Perron operator induced by the time continuous dynamical sys-

tem generated by a set of differential equations see [1] for the detail the mathematical

formulation and the derivation.

Then if we specify the Hamiltonian equation,it is then possible to write down the par-

tial differential equation explicitly and notice that in the notation of partial differential

equations,the Hamiltonian trajectories are the character lines of the equation,and along

the character lines the function ρ is constant.Given an initial distribution(integrable

and smooth) the equation is solvable in the sense there exist function ρ(t, p, q) such

that ρ(0, p, q) is the initial distribution,and fulfil the Liouville equation,and more over

the solution is unique.The construction of equation is in principle easy,for every point

in Γ,we can find the full time trajectory,then we will know the point on the trajectory

at time 0,then take the value of the initial distribution at that point.This method will

hold also for generalized functions,in the sense that the smooth integrable functions are

dense in the uniform norm in general distributions,then the solution will exist in weak

sense in particular for the Dirac δ distribution,the method of character will still apply

and the weak solution just represents the Hamiltonian trajectory in the sense the point

the δ distribution centred tract the Hamiltonian trajectory.

Now after the brief discussion of the existence of the solution of Liouville equation let’s
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come back to the BBKGY hierarchy,consider the N-particle system,first we have a N-

particle distribution,then write down the N-1 conditional distribution by integral out

the last particle,then it is possible to determine the time evolution of the N-1 condi-

tional distribution from the Liouville equation of the N particle distribution,then we can

write down the N-2 particle distribution in terms of N-1 particle distribution we do this

until we arrive the last particle,so that we have the 1 particle conditional distribution

equation related to the 2 particle conditional distribution.So in the end we have a set of

N integral equations,it is in general very hard to deal with but the point is:if we have

particles and we know the form of interactions,then we can set up the BBKGY hier-

archy equations to arbitrary number of particles and study arbitrary subsystems.With

some further approximations it is possible to derive Boltzmann equation from this,see

[15],and also the consideration of solution of the system of integral equations leads some

interesting topics in fluid dynamics as well as granular gas,that is the main point of

the kinetic theory,the study of the properties of the solutions of BBKGY hierarchy or

the approximated version–the Boltzmann equation when specifying some certain form

of particle interactions see [20].

3.3 Boltzmann’s H-theorem and the objections and the

objection on those objections

Before I will start I will first discuss briefly the some general formulations of kinetic

theory where Boltzmann equation and H-theorem can be derived from some more gen-

eral equations, then I will show that the ”more general equations” are actually Liouville

equations which is not very surprising, that thus it is the Frobenius-Perron operator act

on the Hamiltonian system introduced in the chapter of generalized Gibbs formalism.

For kinetic theory we have some Hamiltonian systems of many particles, then we can

define the µ-space as the physical space with moving particles together with possible

velocities and the Γ-space is the phase space which can be constructed by the product

of all single particle spaces together with the corresponding topology, σ-algebra and all

the structures constructed by product.

The starting point is that we have a distribution on Γ-space which we can call Fn if

we have n particles, a special case would be the δ distribution, then we have a certain

configuration, and indeed every point of Γ-space induces a certain particle configuration

on µ-space, it is clear once we have a δ distribution on Γ-space then the corresponding

configuration on µ-space can be identified as
∑i=n

i=1 δ(xi, pi) but it is not very clear how

to identify some general distribution on Γ-space with something of µ-space, so next I

will show that the distribution on Γ-space will give us multi-particle distribution in the
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usual sense in physics books as:

For 0 < m < n a natural number, we can define :

Fm(i1, ..., im) =
∫
µj1µj2 ..µj(n−m)

Fn(1, 2..i1..im..n)dΓ.

Where for simplicity i denote the i-th particle coordinates as i and the coordinate space

as µi, and dΓ is the Lebesgue measure, the integral runs over the not chosen particle

spaces.

The formula above defines how to get particle distribution of m-tuples with given Fn,

but we can also derive k particle distribution from m particle distribution whenever

k < m ≤ n.

Now let’s see what’s the meaning of the integrals (Of course we can argue by prob-

ability argument that the integrals give us the marginal distribution of subsystems but

it will be not clear enough). For convenient I will show the formula for 1 particle distri-

bution function F1, the others are similar,

Let’s denote counting function NA : Γ → R for measurable A ⊂ µ as: NA(γ) = the

number of particles inside set A,

Here we don’t need to distinguish or identify particles, different counting corresponds to

different functions we can define.

Then it is possible to see that the integral
∫

Γ dΓNAFn for fixed A defines a functional on

Fn ∈ L1(Γ), and for changing A it is possible the integral defines a real values positive

measure which is absolutely continuous with respect to the Lebesgue measure on µ, so

that by Radon-Nikodym theorem there exist almost uniquely a F1 ∈ L1(µ) such that∫
A dµF1 =

∫
Γ dΓNAFn, from the definition of the NA function we can identify F1 as the

density on µ space induced by the Fn. The other Fm will share similar meaning.

The Hamiltonian flow will induce a Liouville equation on the Fn as:
∂
∂tFn = ∇Fn · VH ,

This equation will then induce the equation of all Fm for example for Fn−1:
∂
∂tFn−1(̂i) =

∫
i∇Fn · VHdµi the others will be similar.

In principle those equations for F1, F2...Fn will form a closed system of integral equations

with the Liouville equaiton for Fn, and they are all determined at the same time with

the evolution of Fn, which can be see as the Frobenius-Perron operator for Hamiltonian

systems, and it is the exact evolution of the distribution on Γ-space.
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3.3.1 m-particle distribution as the conditional expectation

From what we have discussed above we have:∫
A dµF1 =

∫
Γ dΓNAFn which has the form of conditional expectation, if we identify the

function F1 on µ as a function F ′1 on Γ as the constant extension on other coordinates

then we can see that:

define A1 the smallest σ-algebra contains which makes F ′1 measurable, then A=σ(P)

where P contains sets of the form µ × µ...A × µ..µ where A is a measurable subset of

µ and the position of A in the product is arbitrary, A1 will be a sub-σ-algebra of the

Borel algebra of Γ.

Then we have F ′1 = E(Fn|A1), the other Fm will be similar:

F ′m = E(Fn|Am),

with Am the corresponding sub-σ-algebra for m particle subsystems, with A1 ⊂ A2 ⊂
...An where the last term An is the Borel algebra of Γ, the conditional expectation de-

fined above form a finite sequence of martingale which can be seen:

F ′k = E(F ′m|Ak) for k < m.

This martingale formulation allows us to see that from smaller particle number dis-

tribution we can not in general determine the larger number particle distribution even if

we have the δ distribution on µ space. So it is only possible to determine the distribution

of any number of particles from the top level of Fn but not from the bottom level of F1.

However one thing is clear that if we have some one particle distribution f then we can

find all possible Fn which can induce F1 = f , and although we have multiple choices, the

Liouville equation on all the Fn will gives the same evolution of F1 although they are in

general different, this follows from the linearity of Liouville equation and the linearity

of the conditional expectations.

3.3.2 Approximated density

Often, in the discussion of gas or fluid dynamics we introduce the density of mass, veloc-

ity and so on, this can be seen as approximated distribution from another distribution

as follows:

Let f be a distribution on µ-space, then let A is a sub-σ-algebra of the Borel algebra on

µ-space, then we can define the approximated distribution f ′ = E(f |A).
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A special case will be:

In particular is the µ-space is σ-totally bounded then we can construct a σ-partition

with sets of diameter no greater than ε, and the conditional expectation f ′ = E(f |A)

will be:

f ′(x) = 1
λ(Bi)

∫
Bi
f , where Bi is the set containing x, which can be seen as the coarse

grained average of f .

The original distribution can be a sum of δ-distributions centred at the positions and

the velocities of the particles. Then the coarse grained density can be also approximated

uniformly by a smooth function f ′′ and the f ′′ is the final smooth density approximation

of the particle distribution. The smaller we chose the radius ε of balls the nearer the

uniform distance between f and f ′′.

3.3.3 Non-commutativity between the coarse graining and the Liou-

ville equation

Once we have the coarse grained function f ′′ of f we can then find the corresponding

F ′′n and Fn, which will not necessarily unique but they will give us the evolution of the

distribution on µ-space induced by the Liouville equation.

Since Liouville equation is linear we can write down the equation for the difference

between the two distributions:
∂
∂t(Fn − F

′′
n ) = ∇(Fn − F ′′n ) · VH , we can integrate this equation to get a equation for

one particle distribution function but it is not necessary, directly from this we can see

that however small we make our approximation between f ′′ and f the difference will

not be controlled in the sense that it will grow as a linear order of t multiplied by the

∇(Fn − F ′′n ) locally at least for small time. The error can be controlled if and only if in

the case that Fn − F ′′n is invariant with respect to Liouville equation, which means as

a signed measure it should be invariant under the Hamiltonian flow, but since we are

in the situation discussing the non-equilibrium the initial distribution we do not choose

to be invariant, then the error will grow with time at least in the linear order with t

locally, and after a long time we can not justify that our approximated density will be

still a good approximation.
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3.3.4 Objection of the objection by Zermelo and Loschmidt

Finally, we can discussion the objections by Zermelo and Loschmidt. The derivation

of Boltzmann equation can be done using the formulation of the integral equations

directly, and the key point is to introduce some approximations, then although the Li-

ouville equation is a exact evolution of distribution on Γ-space, the Boltzmann equation

on one particle space µ is a approximated density, then the evolutions of the two distri-

butions even treated exactly will not be the same, and notice that Boltzmann equation

is a further approximation of the exact Liouville equation, so we made an approximation

on density and then another one on evolution, the first approximation will be already

not suitable after long time not to mention the second one. So the thing we can do is to

set up some parameters and calculate how long it will be if our approximation fails up

to some certain order, then within this time scale, Boltzmann equation will be a good

approximation and all the discussion of the H-theory and the entropy increasing will be

valid, but since the grow of the error depend also on the initial condition (distribution)

which will make the calculation not practical, but nevertheless we can argue that there

is no contradiction here.

Here the first density approximation is to object the Zermelo’s objection on recur-

rence, and the second approximation (in the Boltzmann equation itself) is to object

the Loschmidt’s objection on invertibility. It is not that the physics is wrong, we must

be clear about what we are arguing, we can not be confused by approximated theory

and the exact one.

3.3.5 some words on the time scale

As discussed above, the time scale for Boltzmann equation to be valid is in principle

checkable but difficult, now with some practical observation (experiments), we can see

that although Boltzmann equation is talking the asymptotic behaver of the system af-

ter long time, but the time can not be too long, so the equilibrium phenomena can be

regarded as some intermediate time scale, which is much longer than the time scale for

the micro process and much shorter than the recurrence time.
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3.4 interpretations of probability in physics

In the above section,the distribution function played an important role without being

well interpreted.The question is the same with the Gibbs formalism that in real life we

do not have any distributions,we do not have a set of dynamical systems with different

initial conditions and our observation of any quantity is not the average of the ensem-

bles,the notion of ergodicity does connect the ensemble average with the time average

which seems to be more realistic,but notice that in real life we do not have infinite time

average,one way to deal with that is to say that we do not have infinite time average but

also no precise time point value,namely whatever we measure the results are always some

finite time average,when this averaging time is long enough such that it will not differ

from the infinite average then all the arguments still works.But the problem is now that

in real life we do observe non-equilibrium phenomena,we can actually see the diffusion

of the ink in water and macroscopic thermodynamic processes.With all these problems

there are a lot of critism on this approach to foundation of statistical physics,see [21] for

example.There is some idea to overcome this difficulty see [22] by introducing the typi-

cality of the system.In the space of initial conditions,for example in the situation of ink

in water,the initial condition which will lead to spreading the ink uniformly everywhere

is typical while those lead to strange behaver is atypical,and the typical initial conditions

is significantly larger than the atypical ones when we introducing some relevant measure

to quantify this.But all those discussion will not have an end until we have a precise

understanding on the probability in real life.

There is one understanding which is very straightforward,just believe the world is truly

random in the basic level(namely,believe the God actually is playing dices),and the deter-

ministic phenomena we observed is because after composing each single randomness into

a macroscopic system the limiting distribution of some physical quantity will goes to δ

distribution(think about the law of large numbers and the central limit theorem),means

we have almost surely to get some certain values of some quantity when measuring.If

i specify this argument in some special frameworks dealing with the outcome of the

measuring and the random nature of the world i will get the Copenhagen interpretation

of quantum physics,so indeed we see that the belief of the truly random nature leads to

some formulations which gives us some new understandings of the world and following

this ideas we observe indeed more from the world in a very fundamental level of basic

particles.

Another understanding is not very common,that is we still have a deterministic world,and

the random behaver in real life is just because the system is very complex and gives the

pseudo-random numbers.I will formulate this idea a bit more precisely later but now let’s

focus on the philosophical level of this.Actually Reynolds in his paper on turbulence see

[23] he pointed out(guessed or conjectured) that,each turbulence behaver is a solution
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of Navier-Stokes equation,and in the real life we observe the seems random turbulence

because the the fluid described by Navier-Stokes equation is unstable in the sense it is

sensitive to initial conditions,since we can not control precisely the initial conditions in

the end our non-capability will give us in real life a random field of the turbulence.So

here Reynold’s idea is still deterministic and put the reason of uncertainty to the non-

capability of our access to the initial conditions.

In this thesis i would like to formulate the second idea more,and actually that is also

my personal point of view.



Chapter 4

stochastic modeling

In the former section on Stochastic description,a general discussion was presented on

probability theory in statistical physics,well i didn’t give any reason why those ”distri-

bution” functions really works in describing anything,i just gave a objective statement on

the thing that regardless of how we make the interpretation of the formalism (Boltzmann

or Gibbs) the fact that all those calculus used in treating different problems related to

statistical physics use the same axiomatic structure. And those different ideas on proba-

bility theory differs only in the sense of language,namely,how we translate the axiomatic

structure of finite measure analysis into real life,different translations lead to different

understanding and field of application,i will give a short discussion on some interpreta-

tions of probability in the next section.

In this chapter i will introduce a dynamical point of view of probability and the jus-

tification of Monte-Carlo method, my point here is that the Kolmogorov’s axiomatic

probability theory is not relevant in real life problem, we need some additional argu-

ments to justify what we are doing by using probability theory.

This was not my personal original idea however see:

”This theory [K’s 1933 set theoretic axiomatic approach] was so successful, that the

problem of finding the basis of real applications of the results of the mathematical theory

of probability became rather secondary to many investigators. ..[However] the basis for

the applicability of the results of the mathematical theory of probability to real ’random’

phenomena must depend in some form on the frequency concept of probability , the

unavoidable nature of which has been established by von Mises in a spirited manner.”—

Kolmogorov

30
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4.1 different interpretations on probability

Let’s imagine,if we have a clear understanding of probability and we know exactly the

field of application then there is no confusion at all wherever we have a probabilistic the-

ory of anything(for example quantum physics or statistical physics).But unfortunately we

do not have such clear understanding on probability,wherever there is probability there

is high level confusion and endless debating and different kinds of disagreement.Above

statement also works in probability theory itself.

A brief discussion on the interpretations of probability can be found in [24] at the level

of philosophy.

Along the history,there are some major interpretations of probability, the classical inter-

pretation, the frequency interpretation, the logical interpretation, the subjective inter-

pretation, the propensity interpretation and so on.I will not stay too much time on the

philosophical discussions,the main point here is that nowadays we do not have a clear

understanding about probability.

I will discuss more about the classical interpretation and the frequency interpretation.

4.1.1 The classical interpretation

The main point of the classical interpretation of probability is that if we focus on some

”random” events, then we can divide the events into the same kind of subevents which

are equally undecided,then we can count the number of subevents of every event and get

a number(actually a rational number in [0,1]) by dividing the total number of subevents.

Notice that this interpretation only make sense when we are dealing with finite sets of

events,however it is possible to generalize this idea using the nowadays standard and

solid logic structure,namely,the notion of measure.Then we can see from here the Kol-

mogorov’s axiomatic foundation is a generalization of this classical probability interpre-

tation.

So,the classical interpretation is all about dividing the events and counting numbers.And

the improved version from Kolmogorov doesn’t change the situation so much.

In physics,the derivation of Bose-Einstein statistics can be seen as some counting pro-

cedure,also the idea of Boltzmann equation and the Gibbs formalism namely by in-

troducing some distribution functions on the phase space is just introducing a certain

probability measure on the phase space.And if we go on with the Gibbs formalism and

follow all the way of thermodynamic limit based on that,we can see that the thermo-

dynamic limit(quantum or classical) is just understanding the measure induced by the

form of interactions(or energy functions) on phase space of systems with some param-

eters,then limit those parameters in some certain ways and keep track on some certain
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functions(random variables) ,basically there are only first order moments (the average)

under consideration,sometime there are also second order moments under considera-

tion,then from the parameter dependence of the quantities we can formulate phase tran-

sitions.A famous and concrete example is the Ising model which is in almost every book

about statistical physics nowadays.

There is then a very annoying problem of this interpretation of probability,that is,why

those counting procedures which have nothing to do in real life can be proper in describ-

ing the real life? And actually,if we place this question into the situation of the Gibbs

formalism of statistical physics we get the usual version of the critism:In the real life we

have one system instead of ensembles,so how can the counting procedure on ensembles

give us a proper description of real physics phenomena?

Notice that usually Kolmogorov’s calculus for probability is regarded as a universal rule

for all the interpretations,however after taking some insight what is this formulation

really is,I will want to put it into the classical interpretation with some sense exten-

sion,because they share one main idea in common:the counting.

4.1.2 Simple version of Law of large numbers and central limit theorem

From Kolmogorov’s settings for probability theory it is possible to prove the law of large

numbers and central limit theorem as well as some other limiting problem under some

very general conditions.However the basic idea is really not different from what I will

explain as an example.

Definition 4.1. Denote a set H = {0, 1},and let Hn be the space of n-sequence of 0’s

and 1’s,the measure µ on H is the normalized counting measure,i.e.,µ({0}) = µ({1}) = 1
2

and the measure of other subsets is clear form the additivity(notice that for finite set

case the countable additivity and the finite additivity are the same),the measure µn on

Hn is defined as product measure.

Although here I use a very simple special set H but actually all those definitions works

well for any finite measure sets,the logic has no difference at all.

Now let’s start counting,first let’s focus on the ”average” of a n-sequence.

Definition 4.2. Let ωn ∈ Hn,then ωn = (ω1, ω2...ωn) for ωi 0 or 1,then the average of

the sequence is Sn(ωn) = 1
n

∑i=n
i=1 ω

i

Now let’s count the property of Sn,what I want to count is basically the number of

points in Hn which makes Sn in some certain interval,then dividing by 2n we have the
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measure of set containing points in S−1
n ((−a + 1

2 , a + 1
2)). It is clear that for any ωn

we have Sn(ωn) is the number of 1’s appear in the sequence ωn divided by n.And by

combinatorial consideration we have the number of points with Sn(ωn) = k
n is n!

k!(n−k)!

where k is an integer in the range [0,n].

Then we have

µn(S−1
n ((−a+ 1

2 , a+ 1
2)) =

∑k≤(a+ 1
2

)n

k=[(a− 1
2

)n]
n!2−n

k!(n−k)!

where [.] denote the integer part of a positive real number.

Using the Stirling’s formula,

log Γ(r) = (r − 1/2) log(r)− r + log
√

2π +O(|r|−1)

which holds for any complex r with arg(r) ∈ [π − δ, π + δ] for any positive δ

log(n!) = log(Γ(n+ 1)) =

(n+ 1
2) log(n+ 1)− (n+ 1) + log

√
2π +O(|n|−1)

log(k!) = log(Γ(k + 1)) =

(k + 1
2) log(k + 1)− (k + 1) + log

√
2π +O(|k|−1)

log((n− k)!) = log(Γ(n− k + 1)) =

(n− k + 1
2) log(n− k + 1)− (n− k + 1) + log

√
2π +O(|n− k|−1)

For the first term with the logarithms:

(k + 1
2) log(k + 1)=n( kn + 1

2n) log( kn + 1
n) + n( kn + 1

2n) log(n)

(n− k + 1
2) log(n− k + 1)=n(1− k

n + 1
2n) log(1− k

n + 1
n) + n(1− k

n + 1
2n) log(n)

(n+ 1
2) log(n+ 1)=n(1 + 1

2n) log(1 + 1
n) + n(1 + 1

2n) log(n)

Now consider the Taylor expansion of n( kn + 1
2n) log( kn + 1

n) as a function of 1
n around 0

up to the order of O(|n−2|)

n( kn + 1
2n) log( kn + 1

n)=

n( kn log k
n + (

log k
n

2 + 1) 1
n + n

k
1
n2 ) +O(n−2)
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n(1− k
n + 1

2n) log(1− k
n + 1

n)=

n((1− k
n) log(1− k

n) + (
log(1− k

n
)

2 + 1) 1
n + 1

1− k
n

1
n2 ) +O(n−2)

n(1 + 1
2n) log(1 + 1

n)=

n( 1
n −

1
n2 ) +O(n−2) = 1 +O(n−1)

Now with all those estimates we can write the final approximation formula for n!2−n

k!(n−k)!

First log( n!
k!(n−k)!)=

−n( kn log k
n + (1− k

n) log(1− k
n))− log k

n
(1− k

n
)

2 + 1− log
√

2π− 1
2 log n+O(n−1) +O(k−1)

Now we have to choose some suitable a to see how the distribution of the average

when n is large.

For this case replace a by a
2
√
n

and it would make the sum taking the terms of k where

|2
√
n( kn −

1
2)| ≤ a, which is not surprising because this it just the form of central limit

theorem.

Now it is possible to give some reasonable estimation of:
n!

k!(n−k)!=

e−n( k
n

log k
n

+(1− k
n

) log(1− k
n

))− log kn (1− kn )

2
+1−log

√
2π− 1

2
logn+O(n−1)+O(k−1)

First we don’t need to care about those constant terms, which in the end can be restored

by the normalization, now the −1
2 log n term gives a 1√

n
factor, the

log k
n

(1− k
n

)

2 term will

give a 1√
( k
n

)(1− k
n

)
factor but in the range of our k we have:

1√
( k
n

)(1− k
n

)
= 2 +O(n−1) with some universal O(.) for those k′s.

Then it is easy to see that for our range of k,

O(n−1) +O(k−1)=O(n−1).

And eO(n−1) = 1 +O(n−1).

For the rest term,

−n( kn log k
n + (1− k

n) log(1− k
n))=n log 2− n(2θ2 +O(θ4)),

where θ = 1
2 −

k
n and the power series can be derived from Taylor series for θ around 0.

From our range of k we can see that the range of θ is |θ| ≤ a
2
√
n

,

So in the end we have for this term,

n log 2− n(2θ2 +O(θ4))=n log 2− 2nθ2 +O(n−3).
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Collect all the results above we have:
n!

k!(n−k)!=Cn
− 1

2 (2 +O(n−1))(1 +O(n−1))(1 +O(n−3))en log 2−2nθ2

So 1
2n

n!
k!(n−k)!=

n!
k!(n−k)!=Cn

− 1
2 (2 +O(n−1))(1 +O(n−1))(1 +O(n−3))e−2nθ2

=

2Cn−
1
2 e−2nθ2

+O(n−1.5)

Here all the O(.) notation is universal for the range of k, so we can just take them into

the sum of k in that range and get:

∑k≤( a
2
√
n

+ 1
2

)n

k=[( a
2
√
n
− 1

2
)n]

n!2−n

k!(n−k)!=
∑k≤( a

2
√
n

+ 1
2

)n

k=[( a
2
√
n
− 1

2
)n]

2Cn−
1
2 e−2nθ2

+O(n−1).

Now we recall that:θ = 1
2 −

k
n ,

So nθ2 = (
√
n(1

2 −
k
n))2 = κ2

n where κk =
√
n(1

2 −
k
n).

Now let’s notice that as our k changes by 1, κk will change by 1√
n

.

Then sum range of our k induce the sum range of κk ∈ [−a
2 ,

a
2 ],

So
∑k≤( a

2
√
n

+ 1
2

)n

k=[( a
2
√
n
− 1

2
)n]

2Cn−
1
2 e−2nθ2

=
∑

κ0=−a
2
,∆κ= 1√

n
,κf=a

2
C ′∆κe−2κ2

,

Where κ0, κf denote the starting value and the finial value of κ, here because some

integer issue the value is not exact but will not introduce higher order error than the

O(n−1) term.

Then it is possible to see that the it can be reformulate as a Riemann sum of Gaussian

function, thus converge to the integral of Gaussian function, the error term goes to 0,so

we see that for any a we choose, the distribution will converge as n→∞ to the integral

of Gaussian function, which means the distribution function will converge to normal

distribution pointwise everywhere(consider the linear interpolation of the discrete case).

Which means the weakly convergence to normal distribution.

This is basically the central limit theorem in probability theory with some simplifica-

tion,but in general the idea of central limit theorem in probability theorem is not more

than that,the difference is that the exact counting method does not work for arbitrary

sets,we have to introduce some finite measure on the sets.

So we can see that the probability theory is nothing more than counting,which is

static,has nothing to do with real life where we have some dynamical random phe-

nomena, like the outcome of the price of the stocks, the outcome of the result of a

dropping coin ,the turbulence of the river...If we set up the probability theory,then it is

not more than that we count the initial conditions for which the coin gives us Head and

the initial conditions for Tail,or the initial conditions of the river such that it gives us a

certain turbulence at certain time in a certain place,or these are just counting,there is

no dynamics inside,then how can this method work if it is logically unrelated to what’s

really happening in real life?
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4.1.3 Statistical physics, an application of the counting procedure

Now after talking about the counting procedure on the abstract 0,1 sequence, let’s take

a look on the formalism in statistical physics, here in order to avoid the physics issue on

what the universe real is I will not take the real life physics but the idealized Hamilto-

nian systems.

Consider we have a Hamiltonian system of some particles in a closed space, so for each

single particle we allow it moving inside some region R3 closed by some closed boundary,

for this we have to introduce some interaction between the particles and the boundary

and we have to assume the boundary is not very strange, discussions on the shape of

the boundary and the interaction on the boundary will be tedious and not very related

to the discussion here, so let’s simply take a simple boundary with certain interaction

to make the situation clear although it is not the important point and there are many

ways to do that:

For B ⊂ R3 = {x||x|2 < 1} the unit ball with boundary

∂B = {x||x|2 = 1} the unit sphere.

Now let’s take functions fδ : [0, 1]→ R for arbitrarily chosen positive number δ ∈ (0, 1)

with the properties that:

1.fδ(r) = 0 for r ∈ [0, 1− δ].
2.fδ(r) ≥ 0 for r ∈ (1− δ, 1).

3.fδ is smooth and tends to ∞ as r → 1.

Such fδ exist for any number δ ∈ (0, 1) and moreover we can manipulate the rate of the

increasing to be equal or faster than exponentially increase for r > 1− δ means that we

can let:

4.fδ(r) ≥ eMr for r ∈ (1 − δ−, 1) for any number δ− ∈ (0, 1) with δ− < δ) and for

any positive number M .

How take any Hamiltonian system and constrain the particles inside B and take a

new Hamiltonian Hδ = H +
∑i=n

i=1 fδ(ri), where the i labels the particles and ri is the

distance of the particle from the origin, the new Hamiltonian system we got is almost

the same Hamiltonian system except that it is constrained inside the unit ball if the

initial particles are all inside the unit ball.

Apart from this we can just take the particle reflection boundary but it is then not a

Hamiltonian system.
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Now let’s take the interactive boundary, and our Hamiltonian system corresponds to

system of identical particles.

Situation 1:

We allow to put initial condition as particles can appear everywhere with bounded speed,

this can be formulated as a Lebesgue measure λ on B3n × (MB)3n where MB is the

ball with radius M .

Now we first choose some time t > 0 and count the number of particle inside A ⊂ B

where A is a Lebesgue measurable set.

This can be explicitly seen as follows:

If there are m particles inside A then the corresponding phase space is inside one of

the n!
m!(n−m)! possible sets of the form Am × (Ac)n−m × (MB)3n after reordering of the

product which is because we have identical particles.Let’s simply denote the union of the

sets as Cm which contains exactly the phase space points such that there are m particle

inside A.

Now notice that the Lebesgue measure is invariant under the Hamiltonian flow(here is

why I do not want to use the reflection boundary because then we need some additional

arguments to use this result). The Lebesgue measure of the set of initial conditions

which produce the situation that at time t > 0 there are m particles inside A is the

same of the Lebesgue measure of Cm.

Now let’s take the situation that the Lebesgue measure is normalized and then on the

single particle space λ(A) = 1
2 , which makes λ(Cm) = n!2−n

m!(n−m)! , now using what have

done before in the last section we can see that as n is large enough the measure of the

set
⋃
|m
n
− 1

2
|> 1√

n
Cm converge to the normal Gaussian integral with lower bound −1 and

upper bound 1, and
⋃
|m
n
− 1

2
|>δ Cm will converge to the normal Gaussian integral with

lower bound −
√
nδ and upper bound

√
nδ which will be arbitrarily closed to 1 if our n

is large enough.

Generalizations of situation 1:

For any time t > 0, the set of initial conditions that will induce at time t the number of

particles inside A is nearly 1
2 can be arbitrarily closed to 1 for large n.

Generalization 1:

We don’t need to specify that our A has measure 1
2 similar arguments will show that

we can choose arbitrarily measurable set A, and the number of particles at some fixed

t > 0 will be nearly nλ(A).

Generalization 2:

We can actually make some finite measurable partition on unit ball B, then the measure

of sets of the initial conditions which induce at time t > 0 the numbers of particles in
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each set is nearly proportion to its measure can be arbitrarily closed to 1 for large n.

This can be seen as for each set in the partition we can find some n and exclude a small

set with measure smaller than some fixed ε > 0, since we have finite partition say there

are q sets in the partition, then we can just take n as the largest n appeared in each

argument and the set in the end we excluded has at most measure qε, we can choose qε

we small as we want. And the set in the end left has at least measure 1− qε which can

be arbitrarily closed to 1.

Generalization 3:

We can choose a finite sequence of time t1, t2, ...tp and a fixed finite partition, then sim-

ilar arguments will lead us to that the measure of set of the initial conditions which will

introduce at all time in t1, t2, ...tp a nearly uniformly distribution of the particles in the

ball B.

Generalization 4:

We do not need to use the Lebesgue measure on the initial conditions, any measure

which is tight with respect to Lebesgue measure will work, namely for measure µ with

the property that λ(A) > 1 − ε → µ(a) > 1 − δ where δ is a positive number smaller

than 1, and ε < ε(δ) where ε(δ) is a positive number determined by δ.

Conclusions of situation 1:

In our situation, we can see that if we focus on how the particles are distributed we can

get the conclusion that for large n, if we normalize the Lebesgue measure, a large set

with respect to the measure will give us nearly uniformly distribution of the particles at

any fixed time t > 0 or finite sequence of time t1, t2...tp, and we can choose the sequence

of time with small increments and see that for those time our B is filled almost uniformly

particles.

Non-conclusions of situation 1:

1.We can not say that we have nearly uniformly distribution at all the times.

2.We can not say that if we make experiments with some certain initial conditions(which

we do not know precisely), will behave like the majority with respect to Lebesgue mea-

sure.

3.We have nothing to track any single initial condition in this method.

Problems of the situation 1:

Notice that this argument will work for all kinds of Hamiltonian of identical particles,

the interaction of the particles will not matter so much, so we have a very unrealistic

result if we conclude that the uniformly distributed nature is typical for all kinds of

interactions, because we may consider a system for particles have very strong contrac-

tions, so we may imagine that all the particles will soon be all together as a cluster of
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particles which will certainly not uniformly distributed, but that situation is actually not

the majority if we consider the Lebesgue measure because for particles forming clusters

we have that the potential energy of the system is low, then we may look in the phase

space B3n × (MB)3n the set with certain potential energy, which will give us potential

energy level sets, as our number of particles is large, the set for low potential energy

is not the majority. To formulate this we need to know the certain form of interaction

and calculate the potential energy level sets, this will be not easy to perform, but if we

accept this we will see that the argument above has no mathematical problem but in

physics it can not give us interesting information. It is like the argument in the counting

of 0,1 sequences and say that if we consider all the 0,1 sequences as equally possible to

appear then most of them will give us the behaver of law of large numbers and central

limit theorem, but no informations will be given for any certain sequence in the counting

argument.

Situation 2:

Now we are not allowed to arbitrarily put our particles, we have to choose an energy

first and manipulate the initial condition such that it will have that certain energy. In

doing this we actually fix an energy surface and choose initial condition from the surface,

without any other constrains we can formulate the initial distribution as uniform on the

energy surface which will correspond to the micro-canonical measure.

Now we are interested again how the particles are distributed in the ball B, but different

from situation 1 we are now focus on how close the particles are in the sense that if they

all form a cluster or not. This can be formulated by a phase space function as follows:

Let function G : B3n × R3n ∩ {H(ω) = E} → R+ ,where ω ∈ B3n × R3n and H is the

Hamiltonian function, be defined as the maximum distance between the particles:

G(ω) = Max{i, j||ri− rj |} where i, j run over all pairs of the labels of the particles and

ri now is the position of the particle.

Now it is clear that if G(ω) < ε for some ε > 0 then the particles will form a clus-

ter of size ε. It is easy to see that the function is measurable as a phase space function

with respect to the Lebesgue measure, it is also measurable as a function restricted

on any energy surface with the induced surface measure (can be taken as Minkowski

geometric content or set up the subset topology then induce the Borel measure). This

argument is to make sure it is possible to talk about the measure of the set {G < ε}.

Now again fix time t > 0 and consider the set

Cε = B3n × R3n ∩ {H(ω) = E} ∩ {G < ε} which will be the set on the energy surface
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with particles forming a cluster of size smaller than ε.

Now notice that the Hamiltonian flow will make the micro-canonical measure invariant,

for the measure of Cε will be the measure of the set of initial conditions with at time t

form a cluster with size smaller than ε.

Here we can see that this situation is much more complicated than situation 1, we have

to know the energy surface according to the interactions and we have two parameters

to manipulate the energy E and the cluster size ε, we are interested in the large number

of particles case where there is sill a freedom to choose our E and ε dependence on n.

Indeed we are now in the formulation of thermodynamic limit, although it is practically

impossible to make thermodynamic limit with our the measure of the set Cε but we can

nevertheless discuss the possible but not necessary true outcome:

For some ε our measure of the set Cε converge to either 0 or 1 depends on the choice

of the n dependence of E, then we list the relation between the n dependence of E and

the corresponding results of the measure of the set Cε then we can see that either our

system will form a cluster or not depends on the choice of our energy surface.

Conclusions of that certain outcome:

1.We can see that depends on the choice of energy surface, the majority behaver of the

system is either forming a cluster or not, in this sense we can see that our system has a

phase transition.

2.Again we can choose finite sequence of time t1, t2...tp and argue that we can have the

same majority behaver at all those time, now we can notice that the G function we

introduced is actually t continuous, so we can see that the majority of the system will

either form a cluster with some size with some possible fluctuation or we have no small

cluster in some compact interval of time which can be chosen arbitrary long.

Non-conclusions of the situation:

1.Again we do not have anything we say about the behaver of any single case.

2.We can not get from this a dynamical image that we can manually change the param-

eter and cause a phase transition of the system, because arguments here are just static

counting arguments.

Problems of this situation:

1.Our situation here is too complicated that makes it impossible to get any result, there

are too much parameters to be specified and the energy surface will be in general very
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complicated, although in some situations we can replace the micro-canonical measure

to the Gibbs-measure and the thermodynamic limit will not change and the calculation

will be simpler and possible to perform by hand(for example the Ising model).

2.Although this situation gives us more interesting result if we consider it as a model

of phase transition in physics, but still all the problems we faced in the situation 1 are

equally existing in the situation 2, all the arguments in the situation 2 depend on the

particular choice of the measure, and it is logically not different from the first situation

which gave us unreasonable results, so logically we can not consider that the situation

2 will give us any reasonable results.

So if we do not care about the interpretations of statistical physics in any formalism,

and we only care the logical and mathematical structure being used we can see that it

is not really different than the counting method of the 0,1 sequences introduced before,

although we could have very complicated formulas in thermodynamic limit and we have

very interesting result which seems very reasonable in physics, but still, are those meth-

ods just coincidentally giving us reasonable answer or there is a deeper reason that all

those arguments are valid.

Conclusions for the two discussions above:

Let’s take a general dynamical system, or for it easier to imagine we can take a Hamilto-

nian system, or even simpler, identical particles with certain interactions moving inside

a box, now if we construct a real valued phase space function then we can perform the

level set decomposition of the phase space, the function do not need to be invariant,

but it still can be almost invariant under the thermodynamic limit in the sense that at

almost all the phase space point the value of the function will fluctuate around some

constant, so in this sense we can construct different functions and set up the thermody-

namic relation of the particle system, for this topic there exist some results for example

[4], [25], but so far what we can say is that for most of the initial conditions under a

certain measure we would have some certain thermodynamic relations to be observed, in

real life we do not have infinitely many particles but we can argue that except for a small

measure set of the initial conditions we would observe a nearly thermodynamic relation

with some error, but practically that will be enough, however the initial condition we

can not control and we do not have a unique counting method in the sense there exist

multiple measure we can set up, they can behave quite differently, that’s how we call

some certain measures ”canonical” because the behaver under those measures applied

to real life gives us some reasonable results, but logically the ”canonical” measures are
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the same with those bad-non-canonical measures, however there is one property that

all ”canonical” measures have–they are invariant measure under Hamiltonian flow, but

notice that even in particle systems we do not have necessarily Hamiltonian system nor

to mention the field of Biological system or even financial systems which are other field

that use the formalism of statistical physics, but actually the measure as a method of

counting do not need to be invariant, we just fix some moment and count the initial

conditions and check there evaluation that will be enough to give a justification of ther-

modynamic behaver of large systems, but that is not really a justification, let’s translate

the case of 0,1 sequences, for large sequence, most of the sequences will have the average

around 0.5, so we pick up a sequence and the average will be around 0.5, of course

that will not be valid, because it depends how we pick up the sequence, if we prefer

the sequence with only 1’s then we do not have the average around 0.5, the situation in

statistical physics is more complicated, we do not even know how the initial conditions

will be picked up, which is very important if we want to set up a counting method(a

measure), why would some certain measures among all the possible measures are good

to characterize the system, or is that to say: the behaver of the system depends on the

measure we choose? That is out of question in statistical physics and those problem we

are facing in every field using probability theory, we can set up the method to count but

we can not justify why the method of counting is the natural one. The only thing we

can do is to compare with reality the result we derive theoretically, but then to make

the theory the ”natural” one we need to check all the methods of counting and argue

that they will not give the reasonable results we observe, so if there are more than one

method of counting that can support the reality we can not decide which we choose just

by our preference. And also we should be careful because if the logic structure is too

”rich”, then with suitable interpretations we can have a theory inside the logic structure

to describe all possible phenomena (if they are not self-contradictory) translated into

some suitable symbolic representations. Which is a topic in mathematical logic or model

theory,see [26], [27]. But then that’s a problem we are facing in all the science, how we

can distinguish that our theory on something works is because we grasp the right point

of the nature or we are just using a very strong logic structure that is possible to give us

any kind of phenomena we want to describe. That will be a endless and disappointing

question to ask, and i will not go deeper in logic, but using the probability theory in

dynamics at least in Gibbs formalism makes dynamics not dynamical.

So the foundation of statistical physics can not only contain the axiomatic probability

theory and all the theory of how the system behave under some special certain measures.

Some dynamical related issue have to be concerned that how the statistical method can

give us reasonable results. Next section I will discuss the frequency interpretation of

probability which is a majority in practical applications of probability.
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4.1.4 The frequency interpretation and the statistical method

To relate the probability theory to real life,there is one popular interpretation,which is

the frequency interpretation,which says that,if we focus on a random outcome if some

certain system,then if we record the results and do the statistics then the statistical

frequency of a certain result will correlate the probability of that event.

This is one of the most concrete interpretations of probability theory but still there some

problems, one thing is that if we want to explain some single case then there is no proper

frequency at all since we do not have a large amount of data, well that is actually not

a series problem since if we want to describe something with probabilistic method then

we do not except of being able to predict anything in single case.

Yet another problem is that, still there is nothing related to dynamics, the only thing

we know here about this interpretation is that ,random phenomena in real life is like

some black box machine which gives random outcomes and this machine is such that

the statistical behaver can be described by probability theory. So if we want to analysis

some certain situation for example the throwing coin experiment then we have to know

how is the black box machine for this system, and argue that this black box machine

does give the random outcome which fulfil the statistics.

There is a even larger problem in this kind of interpretation,the frequency converge to

probability after INFINITELY many results have been collected and averaged,but in

principle we can not test the convergence of the frequency, so there is nothing we can

see about the detail machine of some random outcome, we have to accept that what we

are observing is random by assumption, and it fulfil the statistical condition.

So what we can do here is to repeat the experiment a lot of times and record the

data and do statistics,this is main point of the research field statistics,where people

propose and test distributions, use the historical data to make probabilistic predictions,

for even set up some model for some complex phenomena.Actually, this is also what

people in physics are doing, if we accept that we never observe something certainly,

even in classical mechanics, the experiments related can not avoid all the errors, in

quantum physics since the world in smaller scale is more sensitive to disturbing the

error is not avoidable or even not negligible then we have to generalize our experiments

to the testing of distributions, with the propose-testing method in statistics we can do

physics, but we have to distinguish the method we are using to test the theory apart

from the fundamental philosophy, for example, the throwing coin system gives us some

”random” outcome, and we can propose the distribution and test, but it can not stop us

believing that there is a mechanism behind the throwing coin system rather than just

pure random outcome.That’s one reason I do not take quantum physics the Copenhagen

interpretation as necessary, it is fine to use the statistical method to describe physics

but not necessary to introduce a fundamental philosophy for the method itself, the
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quantum physics can not stop us from believing the determinism, there are no explicit

contradiction to apply a statistical method on deterministic system as we have already

seen in the previous chapters.

However this frequency point of view can not give us anything if we want to make any

prediction, in the sense that for example if we are observing a sequence of 0,1 then we

can do any statistics as we want, but the future behaver will be totally unpredictable

as we will see in the next chapter with Turing machines. Now let’s assume that we

know a 0,1 sequence and we know all the mean values of all kinds of orders but we

can not really get a unique sequence from the statistic aspect as we can see in the next

sections concerning the dynamical systems.(For finite historical data we do not even

know whether the sequence is statistically stable or not)

So if we believe the frequency interpretation then we have to admit that it is practically

impossible to check the frequency properties of any phenomena without really knowing

any more detail of the phenomena than just observing, there will be no logically well

defined test of statistical property of a sequence if we only know a finite history, but

there are some good test on the randomness of finite sequences as we will see in the next

chapter.

4.2 Dynamical point of view in probability

In the beginning of this section,I will give a concrete dynamical system on Tn the n-

dimensional torus.

Definition 4.3. Let S : Tn → Tn defined by S(x1, x2...xn) = (x1 + a1, x2 + a2, ..., xn +

an)mod(1) with the real numbers a1, a2...an relative irrational in the sense they are linear

independent in the field of rational numbers mod 1.

It is easy to check that this dynamical system is measure preserving with respect to the

Lebesgue measure.

Next it is also easy to see that this dynamical system is ergodic.

To see this it is enough to show that any real valued L1 functions is almost everywhere

constant,notice that we have a finite measure space which means L1 functions are also

L2 functions,thus the Fourier transformation can be performed for any L1 functions and

get a Fourier series.

f̂(
−→
k ) =

∫
fe2πi

−→
k −→x d−→x where

−→
k is a vector of integers.
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Let’s assume that f is invariant,then f̂(
−→
k ) = f̂(

−→
k )e−2πi

−→
k −→a then since the −→a vec-

tor by definition is composed by relative irrational numbers then for non-zero
−→
k vector

e−2πi
−→
k −→a will never be 0 thus f̂(

−→
k ) = 0 for non-zero

−→
k .So the only non-vanishing Fourier

series coefficient is for
−→
k = 0 which means the L1 function f will be almost everywhere

constant.

Since the characteristic functions of any measurable sets are automatically L1 func-

tions,so the invariant sets are either with full measure or 0 measure.Thus the system is

ergodic.

In this case we can say more about the system.

Any open ball Sε under the dynamics will trace out a dense subset of Tn ,which means

that for any point t in Tn there is a open ball Sm(S2ε) contains t for some m,then it is

possible for any point t to be a cluster point of a sequence of points on the trajectory

with any starting point which means that all the trajectories are dense.

Yet we can still say more,consider the time continuous version of S by defining St(x1, x2...xn) =

(x1 + ta1, x2 + ta2, ..., xn+ tan)mod(1) then we can see that the Birkhoff theorem applied

on smooth functions can be made stronger by replacing the almost everywhere initial

points to actually all the innitial points,the argument will be similar to the proof of

ergodicity using Fourier series.Then we can reduce the situation to the discrete case,the

proof will be similar.For more detail and the non-ergodic-theoretic proof see [28].

I want to use the discrete case because it is convenient to use in the discussion of Monte-

Carlo method simulation in computers.

Then with this result we can talk about the Monte-Carlo method on numerical integra-

tion,for example if we want to integrate a smooth function of [0,1] with value in real

number,then we can set up the case for ergodic dynamical system on T 1 and numerically

calculate the integral by using the ergodic average.And this method will also work for

function on higher dimensional space.

4.2.1 An application–digits of integers in geometric sequence

Next let’s consider another interesting problem related to number theory,we know every

integer has representation in some integer base which we call x-digits,for example in the

usual 10-based digital representation we can ask the question for the first digit of 2n,

namely, 1,2,4,8,16,32,64,128,256...the first digits are 1,2,4,8,1,3,6,1,2...then as we give

more and more terms of this geometric sequence does the digits has stable frequency?If

so what’s the distribution?

To answer this question we need to analyse the first digit of 2n in 10-based representa-

tion.
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First it is easy to see that the number of digit of any integer n will be the integer part of

log10 n since the statement that n has m digits is equivalent to 10m ≤ n < 10m+1 then

take the logarithm on this inequality we get the claim.

Then the first digit can be analysed in the same way,the integer n has the first digit

k ∈ {1, 2, 3...9} if and only if

k10m ≤ n < (k + 1)10m

where m is the number of digits of n, take the logarithm we see that the number n

has first digit k if and only if

log10(k) ≤ log10 n−m < log10(k + 1)

Which is equivalent to

log10(k) ≤ {log10 n} < log10(k + 1)

Where the {} denotes the fraction part.

Now replace n with 2n we see that the first digit of 2n is k if and only if

log10(k) ≤ {n log10 2} < log10(k + 1)

Now let set up a dynamical system on T with

S(x) = x+ log10 2 mod 1.

Since log10 2 is irrational,the dynamical system as we have already see,is ergodic,which

means:

limn→∞
1
nχ[log10(k),log10(k+1))(S

n(x)) = log10(k+1
k ) for every x we choose as a starting

point in particular for x = 0,

limn→∞
1
nχ[log10(k),log10(k+1))(S

n(0)) = log10(k+1
k )

Then notice that the left side of the equation is exactly the ratio of the first n terms

of 2i with first digit k.Then we can see that, in the geometric sequence 2n the numbers

with first digit k will appear at frequency log10(k+1
k )
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Then notice that the central fact we use is that log10 2 is irrational, for this reason we

can see that for any two integers b and r larger than 1,if logb r is irrational then the first

b-based digit of rn will appear at frequency logb(
k+1
k ) for k ∈ {1, 2...b− 1}.

Several generalizations can be made on this problem which help us to calculate the

frequency of appearance of any finite sequence of first digit or the first digit in different

base and so on,i will not stay too much time on that.

4.2.2 On the statistical behaver of the sequence generated by certain

dynamical systems

Notice that the infinity average equalling to the integral can be seen as the law of large

numbers.So particularly in the ergodic dynamical system on Tn discussed before the

fact that averaging function along the trajectory is equal to the integral with certain

measure(the ergodic measure in this case is the Lebesgue measure) fit the intuition of

averaging independent random variables with identical distribution although in this case

the the outcomes when focusing a single trajectory are not really independent in the

sense that the trajectory in fully deterministic.

Now let’s proceed with a certain form of central limit theorem.

Again consider the dynamical system with phase space Tn and the self-mapping induced

by irrational rotation.Namely,

S(x1, x2...xn) = (x1 + a1, x2 + a2, ..., xn + an)mod(1)

We can also study the correspond time continuous version

St(x1, x2...xn) = (x1 + ta1, x2 + ta2, ..., xn + tan)mod(1)

In both cases,the numbers a1, a2...an are linearly independent on the field of rational

number mod 1.

To begin the formulation of central limit theorem we have to first formulate the finite

average precisely.

Here in order to simplify the situation and use the counting version of central limit the-

orem for 0,1 sequence introduced before some additional settings have to be introduced.

Definition 4.4. A partition P on set Ω is a family of disjoint sets which covers Ω.

A measurable partition will be understood as a partition consist only measurable sets

provided on Ω measurable with respect to some σ-algebra.

A regular partition on Tn will be understood as a partition consist only open or closed

sets with the usual topology on Tn

Definition 4.5. A partition P is induced by function f : Ω → Ω′ and partition P ′ on

Ω′ is the partition consist the inverse images against f of sets in P ′
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In this certain case, it is possible to see by using the regularity of the measure together

with the Urysohn’s lemma that for any measurable set A the average visit time or the

asymptotic visit frequency will equal to the measure for all trajectories, which is stronger

than the one use only Birkhoff’ theorem by eliminating the ”almost everywhere”.

To use this dynamical system to generate 0,1 sequence we can make a two sets parti-

tion A0, A1 on Tn, the requirement of the sets is that they are measurable, then the

dynamical system will give us a 0,1 sequence when we start the system at some initial

point.Now we are interested in the n-average of the sequence to be precise:

Definition 4.6. For any 0,1 sequence Ki ∈ {0, 1} the n-average induced by Ki is the

sequence Kn
j defined as:

Kn
j = 1

n

∑(j+1)n
i=jn+1Ki

It is then possible to define the partition induced by the n-0,1 sequence:

Definition 4.7. There are precisely 2n n-0,1 sequences and we name those sequence by

r which is a number from 0 to 2n−1, which are also be regarded by the binary code, the

the subset Cr of TN (here i use the capital letter to avoid double use of n), is defined

by:

Cr = {x ∈ TN |Si(x) ∈ Ari , i ∈ {1, 2...n}}, where ri is the i-th binary code of r.

It is easy to see that those sets Cr form a measurable partition on TN .

We can introduce the n-step jump dynamics by S′ = Sn since multiply by an integer

can not change the linearly independence on the field of rational numbers mod 1,namely

the numbers a1, a2...aN used in the definition of can be replaced by na1, na2...naN with-

out changing the properties of the system because they are just another set of linearly

independent numbers on the field on rational numbers mod 1.

Now the statistical behaver of the 0,1-sequence is possible to see by the partition of the

n-0,1-sequences,in general the partition induced by the n-0,1 sequences is not equal in

measure,by nonetheless it will have a certain partition in measure.

From the ergodicity of dynamical system (Tn, S′) we can see that:
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limk→∞
1
k

∑i=k−1
i=0 χCr(S

′i(x)) = µ(Cr).

Means that when observing for a long time and we make the statistics of the appearance

of each n-0,1 sequence,they will appear in their corresponding ratio determined by the

measure of the corresponding set Cr

This is called in statistics the correlation, for example the easiest case we can calculate

the asymptotic ratio of the appearance of the segment 00 or 01, they are the two points

correlation, in general we can also calculate the two points correlation of points with a

certain distance k by grouping all the k-0,1 sequences into the groups determined by the

first and last elements, and we know the measure so we know the ratio. And with this

arguments we can calculate any correlations.

The point here is that the sequence generated by the dynamical system introduced

before has stable statistical behaver, and in general it may not be statistically Markov

nor statistically independent sequence of 0,1.

So there is a natural question, can we find some dynamical system that can generate

sequences with the property that the appearance of all the n-0,1 sequences will have

same ratio for all n.In this case it is possible to use the simple version of central limit

theorem to justify that for that sequence the distribution of the average of n-0,1 sequence

will converge to Gaussian distribution for large n.

It is possible to give an dynamical system that has this property, let’s still consider

the torus Tn but concentrate on the simple case T , the dynamics is not the translation

but an expanding map defined by S(x) = 2x mod 1, it is possible to check that that

dynamics introduced on T is measure preserving and ergodic and moreover for equal

measure partition A0, A1 the partition of level n induced by corresponding coded sets

are also equal in measure, this is precisely what we want to have. But the case here

is not as nice as the case before in the sense that the asymptotic ratio exists in that

manner only for the so-called ergodic points which are those points with the property in

the statement of Birkhoff’s theorem. Well the case here is not too bad in the sense that

we know that the ergodic points form a set with full measure. So there are uncountable

such points. The existence is guaranteed but it is not a checkable property that we can

not have a general method to show if some certain point is ergodic point or not, for

example if we choose instead of the 2-times expanding map the 10-expanding map, then

there is a interesting open question that whether some certain numbers for example π, γ

or e are ergodic points or not. If there is some method to show that they are ergodic

points then in their 10-based digital representation all the segments of numbers will

appear infinitely many times.
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I will talk about an application of that expanding dynamics in Monte-Carlo method in

solving PDE with random walk.

4.2.3 On the diffusion process

In this subsection i will discuss a surprising result from stochastic process,the Monte-

Carlo method for partial differential equations,here i will concentrate on the easy case

namely the diffusion process in 1-d case.

The diffusion equation reads as:

pt = 1
2Dpxx

Here let’s concentrate on the solution that p is a probability distribution on R with a

initial distribution p0.

The Monte-Carlo method in this case reads:

Setting up the initial distribution on R, randomly choose a position on R according to

the initial distribution, then simulate the Brownian motion up to time t, do this large

number of times we can get the statistical distribution of the end position of particles

at time t, this distribution is approximately the solution distribution at time t.

This method still works for other partial differential equations see [29], those equations

have one thing in common that is the solutions can be represented by transition ker-

nel. Then we can choose the stochastic process according to the transition kernel in the

Monte-Carlo method. In this easy case the transition kernel happens to be the transition

kernel for Brownian motion.

However there is one difficulty, that is we can not simulate Brownian motion on the

computer, nor in real life, since if we really look the real life ”Brownian motion” the

trajectory is not no where differentiable.So there is another issue to approximately simu-

late Brownian motion and check if the double approximation works.(using approximated

Brownian motion to approximate the solution).Yet we have to really care about the de-

tail on the simulation of Brownian motion, since we have no real random walk.

4.2.4 Approximate diffusion equation by difference equation

This section is to derive an approximation of diffusion equation by difference equation,

there are some technical details involved, the reason of this step is to justify that instead

of Brownian motion we can use random walk with certain scaling on the jump distance

and the time interval.

To do this let’s set up the random walk on R, more precisely on a lattice with 0 and
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the distance a ,then the lattice can be seen as the double sided arithmetic sequence

na, n ∈ N . Then let’s fix some time interval by ∆t, then at some time t the particle is

in na, then next step the particle will chose in equal probability to jump left or right by

one lattice point.

Well this stochastic model has no real life meaning,but it gives us good illustration how

we derive the distribution function on lattice evolved by time.

Basically this is a numerical method of solving partial differential equations which has

been studied quite deeply, here again i pick a simple case and the result will be useful

later.

Firstly let’s fix a initial condition on R which is a smooth function p with L1 norm 1.

Then we set up a lattice with size a, and pick up the value of corresponding lattice point,

pa,∆t(na, 0) = p(na, 0),where n runs over the integers.

The corresponding difference equation will be,

pa,∆t(na,m∆t) =
1
2pa,∆t((n− 1)a, (m− 1)∆t) + 1

2pa,∆t((n+ 1)a, (m− 1)∆t). Which is actually the master

equation for random walk on the lattice with initial distribution pa,∆t(na, 0), the initial

condition here is not necessary normalized but it will have finite sum.

Now let’s extend the point function pa,∆t(x,m∆t) to step function by taking the right

continuous step extension.Denote the extended functions as psa,∆t(x,m∆t).

Then we can take the Fourier transformation of psa,∆t:

Ga,∆t(θ,m∆t) =
∫
psa,∆t(x,m∆t)eiθxdx

psa,∆t(x,m∆t) = 1
2π

∫
Ga,∆t(θ,m∆t)e−iθxdθ

Using the master equation:
1
2pa,∆t((n− 1)a, (m− 1)∆t) + 1

2pa,∆t((n+ 1)a, (m− 1)∆t)

We can see that:

Ga,∆t(θ,m∆t) = cos(θa)Ga,∆t(θ, (m− 1)∆t)

So:

Ga,∆t(θ,m∆t) = cosm(θa)Ga,∆t(θ, 0)

Now let ∆t = Da2 where D is some positive number and let them goes to 0.

cos(θa) = 1− 1
2θ

2a2 +O(a4).

Now again let m∆t = t for some positive t, to be convenient we can assume that in this

formula m is integer.

Then

cos
t

∆t (θa) = (1− 1
2θ

2a2+O((θa)4))
t

∆t = (1− 1
2θ

2aD∆t+O(θ∆t2))
t

∆t = e−
1
2
Dθ2t+O(θ∆t)

So we have:

Ga,∆t(θ,m∆t) = cosm(θa)Ga,∆t(θ, 0) = Ga,∆t(θ, 0)(e−
1
2
Dθ2t +O(θ∆t))

Finally:
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psa,∆t(x,m∆t) = 1
2π

∫
Ga,∆t(θ,m∆t)e−iθxdθ = 1

2π

∫
(e−

1
2
Dθ2t +O(θ∆t))Ga,∆t(θ, 0)dθ

Inside the integral we can see firstly the error term O(θ∆t) will goes to 0 when ∆t goes

to 0,since the first moment of Ga,∆t(θ, 0) will be well defined because of the L1 property

of p.Then as for the first term in the integral we can see in the definition of Ga,∆t(θ, 0)

that it is actually the Riemann sum of the Fourier transformation formula of p(x, 0) and

as a goes to 0 it produce a error term of order O(a) ,then

psa,∆t(x,m∆t) = 1
2π

∫
(e−

1
2
Dθ2t)G(θ, 0)dθ +O(a) +O(∆t)

Where the first term in the right side is precisely the solution of the diffusion equation

pt = 1
2Dpxx,we see that the approximation of diffusion equation by difference equation

is valid.

4.2.5 Monte-Carlo method for solving difference equation

We have seen that we can approximate diffusion process by some suitable difference

equation, that is to say we can use some suitable random walk to numerically solve the

difference equation and get the approximate solution of diffusion equation.

Then important point here is the construction initial distribution,if this is done then

the next step is just simulate random walk in some sense, here i will use the dynamical

system introduced before for generating 0,1 sequence, the length of the sequence will be

determined by parameter t and ∆t, precisely t
∆t or necessarily the integer part.

But the initial distribution is not a big problem if it is compact supported, if not we

can to approximate it by some compact supported function. In the compact supported

case, once we fix the lattice then the distribution is point function of finite set, then we

can use again the 0,1 sequence itself we determine the point, for example we can always

adjust a so that the support of the point distribution has 2N points, then we divide

the 0,1 sequence into N+m-segments, the first N code determine the initial position and

the rest m code s used to simulate the random walk, then we have the uniform initial

distribution, for general case we can just group the 2N N-0,1 codes in some way to

approximate the initial distribution.Or we can also do it precisely by introducing some

suitable partition on Tn i will not go too much in detail here.

There is a small problem that the discrete distribution is not necessarily normalized,but

it will not be a real problem because once we make our lattice size a very small, the

normalization factor will goes to 1, and all the estimations above is still valid by adding

this normalization factor which goes to 1.

But this argument has a series problem, here I’m actually talking about the Monte-Carlo

method for numerical solution, which means that we have to take into account that the

non-precise nature of computation with finite storage memory, so in real life simulation

we need computable or storable algorithms to generate pseudo random numbers, one
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of which is not too far away from the expanding map introduced before which is linear

congruential generator I don’t want to discuss the algorithms generating pseudo-random

numbers here, the point is we have a method to generate a certain sequence which we

treat as random sequence and put into simulation solving equations, taking the linear

congruential generator as an example we can see that it is actually an approximated ver-

sion of the dynamical system introduced before(with some small change or composition

of the two dynamical systems) and the depends on how close the approximation is we

could have numerical integration method still valid for some special class of functions,

as for the numerical method for solving PDE the same argument still holds.

Taking all the above discussion in to account, the Monte-Carlo method doesn’t come

for free using the Kolmogorov’s calculus of probability, it depends on how we generate

the sequence and in other words it depends on the sequence we choose, the sequence

generated by dynamical system is just a very narrow special case of sequences.

The discussion on randomness as a property of the sequence itself instead of the dynam-

ics generating the sequence is another topic in mathematical and logic, i will give a brief

discussion later.

4.3 Random or deterministic?

After some justification of law of large numbers the central limit theory theorem and the

Monte-Carlo method,we can see that the central point in all those discussion is not the

randomness of the system but really some properties of the sequence we use(for example

the 0,1-sequence generated by the ergodic system).For example, the 0,1 sequence we got

from the ergodic system can be stored somewhere and we can use the same sequence to

simulate at any time we want, the sequence is anyway deterministic.

Randomness is very a difficult concept, and it is actually hard to say if our universe has

truly random phenomena, but one thing is clear, probability theory can not describe

all kinds of random phenomena, for example the random sequence witch has no stable

statistical behaver, then the outcome of the random sequence can not be modelled by

random variable, yet it is still possible to model it by some stochastic process, however

the sequence can still fail to have any stable transition property for stochastic process.

So i would say the probability theory fits for some certain processes with some general

but nonetheless stable statistical behaver, for example the 0,1 sequence generated by

the ergodic system I introduced before. But in real life, we can model actually a lot

of systems with probability theory, and we do not even know how the system exactly

works, there should be some intrinsic connection between the probabilistic description

with the systems itself which is maybe beyond our reach to study if we do not even

know how the system works.Here i used the word ”maybe” because it is still possible to



Chapter 4. stochastic modeling 54

understand the system without knowing exactly the phase space and the dynamics(here

i restrict myself to dynamical systems) by only knowing the statistical behaver. But if

this does not work in any system then we are facing a hard question, because in this

sense the probabilistic way of thinking will not be compatible with the deterministic

way of thinking. But anyway now we do not have any clue if the world is truly random

as in quantum theory or the randomness in quantum theory is actually a outcome of

some complex mechanism which happens in a very small scale that we do not even have

a chance to attack in reasonable future.

Let’s do not go too much into the philosophical discussion of randomness, so far what

we can do is to use mathematical logic to enclose the probabilistic method we are using

in science or real life. The Kolmogorov’s axiomatic probability theory can not cover all

the things we need for randomness, and logically it is not more than counting numbers

so some dynamical point of view will be helpful to relate the probability theory into real

life, that is what I have introduced in the last sections. Yet there is a special case which

is very interesting of this dynamical point of view, the algorithm point of view where we

only have at most countable sets and all the relevant method are finite in some sense

and actually the algorithm discussion is very popular in the field of logic and computer

science but in physics it is a little bit out of question but it is a interesting topic in the

study of probability theory and general random phenomena.
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Randomness—A mathematical

logic point of view

Since the main part of the thesis is discussing the meaning of probability method used

in physics we have to discuss at least in one moment the meaning of probability, and in-

deed other than some former interpretations of probability which are very philosophical

without clear formulation, there is one topic in mathematical logic and nowadays mainly

in computer science and information theory. Here Kolmogorov’s complexity, compress-

ibility, randomness test will be discussed and in the end there will be a short analogue

to physics.

In this chapter, an algorithm point of view in randomness will be discussed. There are

several different points of view here and due to the time limit I’m not able to reach them

all. For a short discussion of topics in this area as well as the historical introduction see

[30].

First let’s read a sentence from Von Neumann which briefly showed the idea of this

chapter.

”Any one who considers arithmetical methods of producing random digits is, of course,

in a state of sin. For, as has been pointed out several times, there is no such thing as

a random number — there are only methods to produce random numbers, and a strict

arithmetic procedure of course is not such a method.”—Von Neumann

The randomness in the frame of algorithm information theory is another point of view

in random phenomena, instead of viewing the random phenomena as some ensembles it

55
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treats single case where we have some certain sequence at hand or we have some method

to generate sequence, then how random the sequence is?

Here some theories about recursive functions, Turing machines, computability will ap-

pear without showing the properties, for details see [31], [32].

5.1 Kolmogorov’s complexity

Let’s start with Kolmogorov’s complexity, intuitively speaking it deals with how many

information we need to specify the sequence, so first some mathematical setting have to

be clarified:

Definition 5.1. The alphabet of a symbolic system is a set A.

We can the symbolic system is finite, countable etc. if the corresponding set A is finite,

countable etc.

Definition 5.2. A (finite) sequence is a at most countable (finite) ordered arrays aI

with ai ∈ A, i ∈ I where I is at most countable.

Definition 5.3. An algorithm Af for function f : Nm → N which is partial recursive is

a Turing machine which computes the function f .Where m is some positive integer.

Note that for any function which is partial recursive there exist not necessarily unique

Turing machines which computes it, but nonetheless the existence has no problem.

Next let’s consider for simplicity the symbolic system contains 0,1 digits, then any Turing

machine which coincide with a partial recursive function of one variable can be regarded

as a function with input as binary codes of the integral variable, and for the inputs

which gives us result we can apply the Turing machine on the result again and again, if

in all the steps we have certain result then we have a iterated sequence generated by the

Turing machine with a certain input.But since the iteration of Turing machine is also a

Turing machine, so without loss of generality we can consider one Turing machine with

certain input and output property.

For any integer n, let’s denote l(n) the length of the binary code for n.

Note that here the binary code is not necessarily the standard binary expansion or the

binary digital representation of integers, any bijection from a subset of all 0,1 sequences

to natural numbers will be called a coding method, but later we should consider only

computable coding method in the sense there exist an algorithm to let us determine the
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code of any integer n and an algorithm to let us determine the corresponding integer for

the code.

Definition 5.4. The Kolmogorov’s complexity with respect to algorithm Af for finite

sequence aI where I = {1, 2, 3, 4...n}, is defined by:

KAf (aI) = min{l(x) ∈ N|f(x) = aI} if such x exist,otherwise set KAf (aI) =∞

Definition 5.5. We say a sequence aI with length n is compressible to n − c if there

exist an algorithm Af and an input x such that f(x) = aI where x together with Af

has a description with at most n− c digits.

Here for compressibility we have to find some suitable algorithms but the Kolmogorov’s

complexity is related to one certain algorithm.Soon we will see that it doesn’t matter

too much.

Theorem 5.6. There exists a Turing machine A0 with property:

KA0(aI) = KAf (aI) +Of (1) provided that KAf (aI) is finite.

In [30] we can find a proof for that.

This theorem is usually called the invariance theorem, which means that it doesn’t mat-

ter so much for the choice of the certain algorithm we choose, and also since there is a

universal Turing machine which can simulate any other Turing machine and any finite

sequence as a certain number after decoding can be always regarded as a result of a

Turing machine by partial recursive function theory, so we can see that the KA0(aI)

gives us always finite result with an upper bound l(aI) + c where c can be chosen as

the length of the Turing machine that copy the input to output which is a constant of

aI .Also as we can prove that KA0(aI) is an increasing function for any recursive coding

as the corresponding integer for aI goes to infinite with a lower bound that also goes to

infinity so when we are dealing with big amount of data then the constant difference is

not very important.

As for the compressibility we have to deal with different algorithms but again it will not

matter too much because the existence of universal Turing machines, changing from a

certain Turing machine to the universal one gives as again some constant which is inde-

pendent of the input x, so in some situation when we know that the KA0(aI) > l(aI)− c
then we know there will be no algorithm which can compress the sequence significantly

up to some shift of constant.
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After all these settings finally we can starting talking about the Kolmogorov’s random-

ness of sequences.We can set a quantity

δ(aI) = |l(aI)−KA0(aI)| which tells us how much we can reduce the large sequence aI

to some smaller description. When δ(aI) is large then we know that it is highly com-

pressible and the information we need to know to specify the sequence is much smaller

than the length of the sequence, in this sense we consider the sequence as not random

in the degree δ.

In order to be not very abstract i will give a very easy example.

Let’s consider the algorithm which compute the function f as follows:

1.The domain of the function f is certain finite 0,1 sequences which has the form of 0X

or 1X where X is arbitrary 0,1 sequence.

2.f(0X) = 1n(X) where n(X) is the corresponding integer of the code X which means a

sequence with n(X) ones.

f(1X) = X

Now the algorithm of f can be described by some code which do not depend on the

input.

Then let’s consider the two sequences:

1111111111111111

1001110100100111

Both have 16 digits.

Now let’s using the standard binary expansion of integers.

The first sequence can be compressed by the algorithms with input 010000,while the

second has to be 11001110100100111, now we may consider the length of the algorithm

itself, but it will be a constant, with this example we can also work with longer sequences

for example sequence with 232 ones which can be expressed in 0100000 which contains

only 7 digits while the algorithm length c can be smaller than 232 − 7 significantly. If

we are still not satisfied we can take 22n ones as a sequence and the compressed version

is 01(0n) contains n+ 2 digits.

We may confused with the special algorithm above that take some special sequences

and mark them with shorter sequences, with this we can construct the algorithm to

compress any sequence significantly, yes but remember we are allowed to use one one al-

gorithm at one time, if we want to construct some mixed algorithm then the description



Chapter 5. Randomness—A mathematical logic point of view 59

of the algorithm will be larger, so there is always an issue to find the smaller algorithm

which is not as powerful as the larger algorithm.And by a theorem below the large com-

pressibility is in general not possible. If we consider the compressibility to have some

rate for example we want to compress the sequence by 0.9.

Theorem 5.7. For sequences with length n,any positive number r ∈ (0, 1), fix a universal

algorithm, then with this algorithm the relative ratio of the sequences that is possible to

be compressed of rate r is less than 1
2rn−2

Again in [30] we can find a generalized version of this theorem.

Which means that among all the sequence of certain length, the compressible sequences

with any rate are not majority.

The Kolmogorov’s complexity tells us whether given a sequence we can some useful

patterns inside which helps us to compress the sequence to a shorter one, and here the

patterns must be computable by algorithms and we have to fix the algorithm before

doing all those discussions.

A related topic is the randomness test by Martin-Löf which will be in the next section.

5.2 Martin-Löf randomness test

The central idea of Martin-Löf test of a sequence is to evaluate some significant test

functions δm, where the m is called significant level.

For each m, δm can be seen as a proper choice of a sample of the sequence and evaluate a

number according to the sample. Here there have to be some constrains on the sampling

procedure, for Martin-Löf test they have to be recursive.

Then according to the value of the δm we can decide to reject the randomness or accept

the randomness up to the significant level m, we have to be sure that the sequence we

reject in the significant level m is really special in the sense all those sequences can can

be rejected in the level m form only the minority among all the sequences. For example

we can require that in each level m the number of sequences that can be rejected is no

greater than 2n−m among all those sequences with length n.

In other words, performing the randomness test is to check if there are possible recursive

patterns inside the sequence, and we have to be sure that for large n (which we are

interested in) there have to be some sequences that can pass the test otherwise the test
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tells us there is no sequence which can be regarded as random. And it has positive

answer, for large enough n there are sequences with length n that can pass the test and

we can regard them as random in the sense there are not much patterns we can follow

from the sequence. The proofs contains the universal test which is not very different from

the construction of universal Turing machine, and some further technical calculation on

the sequences space which is not very different from that in the simple version of central

limit theorem.Details again see [30].

5.2.1 short discussion of the idea of algorithm approach to randomness

From the two sections above, we can see that the central point of the complexity and

randomness is that by recursively sampling the sequence can we find any patterns that

is computable. That idea is quite close to a counterpart in physics, if we consider the

recursive property as the logical version of causality and determinism in physics we can

see that those random phenomena can be regarded as the procedures which gives us very

complicated results that to make any theoretical description we need almost as much

information as the results themselves, and the compressibility of sequence can be seen

as a logical version of the theoretical descriptions of the experimental results, namely,

if we can find some way to compress the experimental results into shorter descriptions.

Combine all those together, the randomness in algorithm approach suggest us another

interpretation of random phenomena in the real life, that is, for a phenomena to be

considered as random if we can not find a description of the experimental results which

contains much less information of the results themselves. In other words when we make

some experiments and get some results, we can not find any method to compress the

data into any shorter description which can produce that data, as an example let’s take

the real life common coffee-milk mixing system, what we observe is that the coffee and

milk mix themselves together with some patterns which is very complicated, now we

capture the patterns and want to find a description or a theory to generate the exact

pattern, after one second we face the problem, not to mention if is it corrected to make

the classical mechanical model with massive objects in some closed space, suppose it

is corrected, then we indeed have a very short description of the mechanism, but to

generate the patterns of coffee-milk mixing we need to specify the initial conditions

also, which contains very large amount of data or information. So without any capabil-

ity of the fully description of the system we can consider the system as random or we

can assume that the system itself has some random mechanism, then instead of studying

single case we can study the ensembles which actually has no meaning in any single case.
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5.3 A toy logic model of physics

To make the idea clear I would like to present a logic model in the frame of recursive

functions to illustrate the situation we have in understanding physics.

We know that the set of all recursive functions can be represented by the set of Turing

machines in the sense that any recursive functions we can find a Turing machine which

compute exactly this function.

How suppose I choose one of the Turing machines which corresponds to a one variable

recursive function say f(n) ∈ N, then I tell someone else,say Bob, that there is now

a recursive function which generates sequence f(i), i ∈ N+. Now Bob knows that the

sequence must be determined by some Turing machine, which in physics is the causality

and determinism, by just observing the sequence generated up to any finite length he

can find the Turing machine(s) which gives the first segments of the sequence. He can

list the Turing machines as much as he can and select from them those give the right

result up to the first segment of any length, but there is a theorem which prevent him

to actually find all Turing machine which gives the right result, this will be formulated

as:

Consider all Turing machines with enumeration φi, then Bob can formulate the input

also as single integers,thus we can actually consider all the Turing machines are one

variable functions, then he can compute the result of its first segment of length n as

φi(1 : n) and compare with the data I gave to him, then he can decide to keep the

machine if it gives right result or reject it.

Consider now the set K = {i|φi(1 : n) = a1:n} where a1:n is the first n numbers in the

sequence I gave to Bob. Unluckily he cannot determine the set K by any algorithm,

because K is not a recursive set although as a set it is well defined.

By some method Bob can find some Turing machines which work well up to the first n

numbers of the sequences, then among those machines there could be one that is what

I chose but not necessary, what he can do now it to use those machines to predict the

results of the sequence, he can either choose one of them and consider it to be the right

one and believe that is the machine I gave to him, or he can keep all the possibilities

and give a distribution among them, the according to the distribution of the machines

he can calculate the distribution of the next result.

For the first case it is possible to reject it in one or finite steps if the machine gives wrong

result, for the second case the situation is more complicated, he can observe as much as

he can and refine the distribution he put on the possible machines which match the result

in the long run which is always possible.Which means in the second case he can never

reject his idea on the probability descriptions of the machines, but he knows that there

is one certain machine he has to find, then he can construct a new machine which in

each step decide which machine to choose, then the composition of the deciding machine
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together with the machines giving ”right” results is a new Turing machine which gives

the right result in the exact sense as well as the statistical sense, but now he will not

care about the exact sense because he can always reconstruct the deciding machine to

match the historical data and keep the statistical behaver.

After some very long term of observation, he can either find a single machine which

works well or find several machines together with a deciding machine which works well

in statistical sense, but the question is did or can he find the machine I gave to him?Sadly

enough, the question is not decidable for him even if it could be true again in the sense

he can not find any algorithm to tell if he got the right result or not. For me the question

is clear, I only need to check his answer and compare the recursive function he found to

my original function.

Now with this conclusion that Bob will never tell whether he found the right machine

or not we can see the situation we have in physics. We have a much more complicated

situation but the basic principle of physics which based on the experimental results and

trying to find some consistent logic structure to fit the data is not much difference than

the situation of Bob, and the methods of Bob actually correspond so far what we did in

physics.

So let’s make a conclusion, it is very clear that if we consider all possible sequence then

we will not find any way to make any kind of prediction and we can not proof that

our theory for the sequence is correct or not, but the arguments above told us that

even if we know that the sequence is deterministic by some partial recursive function

there is still no way to make any kind of prediction and test our theory is corrected or

not, this is a disappointing conclusion, but still we can not see that the nature is not

understandable because the situation is different than the logic toy model I gave above,

however it is still possible that understanding the nature by the experimental data can

not lead us to any ultimate law of the universe, and even if we found some laws which

fit any experimental data we can not really test whether the law is the right one, so one

thing I believe that there is no ultimate law of the nature, what we can do is to extract

more and more patterns or regularities from the experimental data can compress them

into some abstract ”algorithm”, the more we can observe the more we know from the

nature, and the more we know from the nature the more experiments we can design

to observe even more, so there is a positive circuit of observing-understanding-more-

observing, but there is still possible that at some point our understanding can not lead

us to more observation, or the new observation can not lead us to new understanding, in

such a situation, any kind of logic structure that support the observation with suitable

interpretation will work as a final law of nature and we will face the end of the science,

or at least physics, but that will not happen because there is no way to check whether

we already observe everything based on the current technology, from this point of view

the situation we are facing in real life is much better than the one of desperate Bob.



Chapter 6

An interesting deterministic

Ising-like dynamical model

In the previous chapters I mentioned that the well known famous Ising model in statistic

physics is actually not dynamical, the whole treatment for that is only just counting the

points in phase space with the counting method induced from a artificial Hamiltonian

function. In this chapter i would introduce a dynamical model which mimic the behaver

of Ising model, but the dynamical model I will introduce is not a Hamiltonian system, so

that there is no energy, no temperature, no Gibbs measure. Everything is well defined

deterministic dynamics, and the price I paid is that the model is not realistic in any

sense but nevertheless it will be a dynamical model with some phase transition in some

sense without arguing with Gibbs formalism.

6.1 Construction of the model

6.1.1 background space

First consider the d-dimensional integer lattice Zd, let Λ ⊂ Zd be a ”box” in the sense

that Λ = A1 ×A2 × ...×Ad where all the Ai are bounded interval of integers.

Now to each point z ∈ Λ we associate a finite cyclic group G with |G| = 2n where n is

an even natural number. In other words:

G is isomorphic to Z/2nZ with the representation points {1, 2, ...2n}, we can uniformly

distribute the 2n points on a circle, so that each 1
4 -arc has the same number of points.

63



Chapter 6. An interesting deterministic Ising-like dynamical model 64

We can paint the circle by black and white in the following way:

(0, π) is black,

(π, 2π) is white.

Here with open interval will not give us any trouble if we require that the points dis-

tributed on the circle will not be in 0, π2 , π,
3π
2 , 2π which is always possible hence every

points is either black or white.

Then the background space of the model will be Cz with z ∈ Λ the circles associated to

each point of the box Λ.

6.1.2 dynamics

After constructing the background space, we can put particles in each circles on one of

the points, say p, of the circle, then for each particle we can give an ”velocity” v which

is an integer, then we have particles on each of the circles with velocities, the dynamics

goes as following:

1.For each particle, it jumps to a new point of the circle by:

p′ = p+ v (mod 2n).

2.For each particle, the velocity changes according to the old configuration in the fol-

lowing way:

The particles will have neighbours which are the particles on the adjacent circles. The

velocity of one certain particle will change according to the old position of that particle

and the old positions of its neighbours.

Let’s denote the neighbours of particle on Cz by Czi where i runs from 1 to the number

of the neighbours.

For each Czi we associate an integer field on the circle Cz, if the particle on Czi is

black(white) then the integer field on Cz is such that for points in (π2 ,
3π
2 ) we have value

−1(+1), for other points we have +1(−1), then we sum up all the field induced by the

neighbours, and the velocity will change according to the summed up value of the point

where the particle is located.

Intuitively, the velocity change can be seen as the particles want to turn the color of

their neighbours to the same color as themselves.
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Figure 6.1: Ising dynamics visualized

The visual illustration of the dynamics as above in Figure 1.

6.1.3 control parameter 1: the maximum velocity

As the dynamical model above there is no parameter other than initial condition we can

control, so here I introduce a control parameter the maximum velocity called vm, it can

be seen as following:

After one step dynamics of the model, we can check whether the velocities of the par-

ticles are beyond the maximum vm or below −vm, for particles with velocity outer the

range we can reset the velocity back to the range by v > vm we set v = vm, v < −vm
we set v = −vm.

6.1.4 control parameter 2: external force

As for Ising model it is also possible to introduce an external force here, by adding some

certain number b(−b) to each velocity for each step (according to the position of the

particles same as the picture above), and of course we can have at the same time the

external force and the maximum velocity they are not contradictory.
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6.2 Some qualified properties

Now that we have the size of the circles (number of points on it) 2n, the external force b,

and the maximum velocity vm those are easy to control parameters, as for the shape and

size of Λ, the initial conditions will be complicated, later in the simulations I will choose

the shape of Λ easily. But before the simulations I would like to introduce some quali-

fied properties of the model which deal with only 2n,b and vm as well as the dimension d.

6.2.1 0 external force

Now let b = 0, there is no external force, then consider particles not on the boundary

(we can actually round this boundary problem by setting periodic boundary conditions

of the box Λ then there will be no boundary) then it will have 2d neighbours, then

the possible velocity change will be 2d, 2d− 2, 2d− 4...0,−2,−4...− 2d depends on the

configurations of the neighbourhood.

Now let’s consider the case that the neighbours are frozen namely, the neighbours are

fixed in color. Since the situation is symmetric in exchanging the color so we need only

to consider 2d, 2d − 2, 2d − 4...0 cases which means there no more white points than

black points in the neighbours. The particle itself will move on its own circle and it will

eventually enter the black area, depends on the velocity it enter the black area it can

escape or be trapped forever, since there is a maximum velocity, so if the particle with

maximum velocity can not escape, then all other velocities will also not escape, in this

case we have some conditions on the maximum velocity.

For velocity change α which can be 2d, 2d− 2, 2d− 4...0, we can exclude the case 0 since

we know that all particles with any non-zero velocity will run around the circle without

being trapped anywhere.

In this case for the particle with maximum velocity being trapped if and only if:

vm + vm − α+ vm − 2α+ ...+ vm − [vmα ]α ≤ n
2 − vm which can be rewritten as:

vm([vmα ] + 2)− α (1+[ vm
α

])[ vm
α

]

2 ≤ n
2 .

For a good approximation of the the range of vm we can actually drop the integer part

symbol [.], then what we get is:

v2
m + (3α)vm − αn ≤ 0 we can solve the inequality and get the upper bound of vm:
−3α+

√
9(α)2+4αn

2 .
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An illustration of this for d = 2 will be:

For d = 2 there are 4, 2, 0 cases of the velocity change, then we have two upper bounds

correspond to the case 4 and the case 2, we call them v4, v3 since the case 4 means

the particle is surrounded by four black points, and the case 3 means the particle is

surrounded by three black points and one white points.

If vm > v4 we can expect that the system will be not in order, there will be no sta-

ble clusters since even with four black neighbours it is still not certain that the particle

can be trapped in color black.

If v4 > vm > v3 there will be clusters with stable inner points in the sense that the inner

points of the cluster will be trapped. But on the boundary of the clusters everything

can happen.

If vm < v3 then we have stable clusters in the sense that some boundary points will also

be trapped.

For other dimensions we can see the same results, the only thing is that for higher

dimension we have more levels of the bounds, which corresponds to the stability of clus-

ter in certain type (with certain type of boundary).

We can see here that depends on the maximum velocity we set, we can observe the

system as either with no stable cluster which is very disordered, or with stable clusters

which can be seen as ordered, results of the simulation will confirm this arguments which

will be shown later.

6.2.2 non zero external force

All the arguments will be the same as 0 external force case, the only thing here is that

the velocity change will be:

2d+ b, 2d− 2 + b, 2d− 4 + b...0 + b,−2 + b,−4 + b...− 2d+ b. Here I will discuss the case

for d = 1. Other cases will be similar but more complicated

d = 1:

There is only one upper bound in b = 0 case, and the boundary can never be stable, how-

ever it is possible that for b when large enough can make the boundary stably trapped

in one certain color, namely,:

vm([vmb ] + 2)− b (1+[ vm
b

])[ vm
b

]

2 ≤ n
2 .
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It is a relation of vm and b, if the condition is fulfilled then we can observe that eventu-

ally all particles will be trapped in one certain color. If it is not fulfilled then it is still

possible that the distribution of the color will prefer a certain one, but if vm is such that

even for b = 1 the condition is fulfilled then we can observe a ferromagnetic phenomena

in the sense that even with the smallest external force we will have a total ordered system.

Notice that, the arguments here is not the real case for the model, because the assump-

tion of the frozen neighbours, however the number we derived from those arguments will

be a relative good approximation to characterize the behaver of the system.

6.3 Simulations for the case d=2

6.3.1 0 external force

Here I ran some simulations of the model in d = 2 case, with square shaped Λ with pe-

riodic boundary condition (torus), I chose the initial conditions (pseudo)randomly and

run for some certain steps, we can see from the simulations the role of upper bounds

v4, v3.

Due to the computation capability of my personal computer the size of Λ will be no

greater than 200, for the size of the circle I will choose to be n = 500, 1000, then the

corresponding upper bounds v3, v4 will be listed:

For exact value:

n = 500:v3 = 28, v4 = 39

n = 1000:v3 = 41, v4 = 57

Then as talked above, if vm < v3 we would expect stable clusters with stable boundary

while for vm > v4 there will be no stable clusters, for v3 < vm < v4 there can be stable

clusters but with out stable boundary, here are the results for the different vm for each

n = 500, 1000. In their corresponding vm, systems with different n will show similar

properties.

From the pictures, the role of v3 is clear since we can observe really huge difference of

the stability and the size of the clusters and their boundaries but the role of v4 is not
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quite clear, but if we observe in detail we can see that actually if vm < v4 then the

system has clusters but maybe not with stable boundaries.

Table 6.1: 0 external force simulation

n=500,vm=25 n=1000,vm=40

n=500,vm=32 n=1000,vm=45
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n=500,vm=35 n=1000,vm=50

n=500,vm=46 n=1000,vm=65

n=500,vm=50 n=1000,vm=70
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Now the following pictures will show how the bound v4 matters, here again n = 500, 1000,

and the initial conditions will be chosen that all the particles will be initially in the mid-

dle of a half arc (say the white one), the velocity will be given randomly so the role of

v4 in this situation will very clear.

Table 6.2: the role of bound v4

n=500,vm=39 n=1000,vm=57

n=500,vm=40 n=1000,vm=58
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6.3.2 diffusion phenomena

For v3 < vm < v4 + 1, and the initial condition is such that some certain particles in

the middle of the square are fixed to be black, the other particles are all initially white,

then without the fixed black particles the system will be always white there is no case

that any particles can change the color, with the fixed black points for vm < v3 since the

cluster will have stable boundaries, the cluster will not actually grow up without any

bound, but for v4 + 1 > vm > v3 we can observe an interesting diffusion phenomena, the

speed of the diffusion will depend on vm in the sense that the larger the vm the faster

the diffusion process. The results will be shown in next pictures. Here n = 1000, vm = 57

Table 6.3: diffusion phenomena
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6.3.3 non zero external force

Here are the results for the case when b is not zero, actually b = 1, n = 1000 throughout

this subsection, in this case we can get some bounds for vm for which the system will

behave different across the bounds, now it is also possible that the equal in color of

the 4-neighbours (2 black, 2 white) can trap the particle in the middle. So there are

corresponding v2, v3, v4.

For n = 1000 we have v2 = 30, v3 = 50, v4 = 63.

If vm > 63 we would observe that even b = 1 the system will still not be ordered, however

if vm < 50 then as the case for 0 external force, there will be stable clusters with stable

boundaries, but the existence of the external force will make the clusters grow or shrink

with preference of one certain color, so in the end there will be one color completely

filling the whole space.

Table 6.4: non zero external force simulation

n=1000,vm=49,b=1 n=1000,vm=60,b=1

6.4 Possible generations and alternatives of this model

1.Instead of the two color system, we can also generalize the system to any number of

colors, the force will be defined similarly but in this case the external force will have

difference direction in correspond with the preference of the color.

2.We can actually manipulate the form of the interactions between particles in the sense
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we can change the integer field induced by the neighbour particles as we wish.

3.Instead of the circle (cyclic group with one generator) we can choose some more com-

plicated algebraic structures for example instead of the 1-cyclic group we had before we

can have a 2-cyclic group, can be seen as the 2d version of discrete circle we had before,

and the interactions between the particles can be then defined in many ways and I will

not go to much in detail about this here.

6.4.1 A dynamical model for rock-paper-scissors game

An interesting generalization of the dynamical model will give us a similar result of

nowadays popular model in statistical physics and biological physics–the rock-paper-

scissors game. A recent research can be found in [Reichenbach,Mobilia,Frey].

The dynamics can be seen in the following picture:

Figure 6.2: rock-paper-scissors game dynamics visualized

Intuitively we have 3 different groups of points, named as A,B,C, the dynamics is such

that the particle of type A wants to turn its neighbour of type C to A and want to keep
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its neighbour staying in A, and the same thing for B to A and for C to B, in an easier

illustration:

CA→ A, AB → B, BC → C,

Then again the arguments before for the existence of stability of clusters and boundaries

will be still valid here, and in this situation if the system has stable cluster with stable

boundary the result will be such that the 3 colors divide the square which is not so

interesting, and for system without stable cluster we can observe some certain patterns

in the system like the shock wave in rock-paper-scissors game in [33].

6.4.2 simulation results for rock-paper-scissors model

Table 6.5: RPS game simulation

stable case stable cluster with unstable boundary

unstable case (shock wave)
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